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We calculate the one-loop matching coefficients between continuum and lattice four-fermion oper- 
ators for lattice operators constructed using staggered fermions and improved by the use of fattened 
links. In particular, we consider hypercubic fat links and SU(3) projected Fat-7 links, and their 
mean-field improved versions. We calculate only current-current diagrams, so that our results apply 
for operators whose flavor structure does not allow "eye-diagrams". We present general formulae, 
based on two independent approaches, and give numerical results for the cases in which the operators 
have the taste (staggered flavor) of the pseudo-Goldstone pion. We find that the one-loop correc- 
tions are reduced down to the 10-20% level, resolving the problem of large perturbative corrections 
for staggered fermion calculations of matrix elements. 
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I. INTRODUCTION 



It has recently become clear that improving staggered fermions through the use of fattened links greatly reduces 
both the breaking of taste symmetry 1 and the size of one-loop matching coefficients. For example, two of us (WL and 
SS) calculated the one-loop matching corrections for all bilinear operators constructed on a hypercube, and found 
them to be reduced by fattening from as large as ~ 50% to the ~ 10% level for various choices of fattening Q- The 
greatest reduction is for "Fat-7" Q and hypercubic fat (HYP) links p|, the latter after mean- field improvement. 2 
Based on this, and on the result that HYP links lead to a greater reduction in taste symmetry breaking in the pion 
multiplet than other local fattening choices Q, we are undertaking numerical calculations of weak matrix elements 
using staggered fermions with HYP fattened links. The weak matrix elements include those relevant for predicting 
CP violation in the kaon system. These matrix elements involve four-fermion operators, and an essential adjunct 
to the numerical calculations is a determination of the one-loop matching coefficients for such operators. In this 
paper we present the results for these matching coefficients for operators, constructed using HYP links, in which only 
"current-current" diagrams contribute. This completes one-loop calculation for the operators relevant for Bk and 
the AI = 3/2 component of the K — > 7T7t amplitudes. For the most general four-fermion operator, one also needs to 
, calculate the contribution of "penguin" diagrams, results of which we hope to present soon. 

Calculations with unimproved staggered fermions suggest that one-loop corrections for four-fermion operators will be 
of similar size to those for the bilinears from which they are constructed. For example, for gauge-invariant unimproved 
four-fermion operators, the corrections range up to 100%, roughly twice those for the corresponding bilinears [6j. Our 
results confirm this expectation for improved operators. One-loop contributions to the matching coefficients are at 
the 10% level for nearly all operators, small enough that the systematic error in results for matrix elements due to the 
missing higher loop contributions will likely be smaller than those from other sources, at least in the next few years. 

This paper is organized as follows. In Sec. [H] we present the action and composite operators made of staggered 
fermions along with fat links, and discuss the Feynman rules that follow. In Sec. IIIII wc discuss the calculation of the 
renormalization of the lattice operators, using two independent methods. General results are given in four appendices, 
and the specific numerical values of renormalization constants for operators of particular interest are given in Tables 
IT HX Villi Matching with continuum operators is discussed in Sec. IIVI and we close with some conclusions in Sec. 
Some preliminary results from this paper were presented in Ref. |7(. This work is done as a part of the staggered e'/e 
project 0- 



'Electronic address: wlee@phya.snu.ac. kr] 

^Electronic address: sharpe@phys.washington.edu 

1 We adopt the recently proposed name for what was previously known as "staggered flavor" symmetry. We also refer to "fattened" rather 
than "smeared" links, in order to distinguish our operators from the smeared operators introduced in Ref. lj, which involved smearing 
of the fermion fields. 

2 See Ref. for an extensive study of the properties of fattened links for other quantities. 
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II. ACTION, OPERATORS AND FEYNMAN RULES 



The calculations required when using fattened links are a straightforward extension of those needed for unimproved 
( "naive" ]staggered fermions. In particular, Feynman rules for the latter, in the notation we use here, can be found 
in Refs. fil J aM fioll ■ while matching factors for four-fermion operators with naive staggered fermions are calculated 
in Refs. [a. iUt \l ll Il2l ll3T] . Furthermore, many of the additional features introduced by fattening the links have been 
presented in the calculation of matching factors for bilinears 0-0 In view of this, we give only a bare-bones summary 
of the action, operators and Feynman rules, emphasizing those features special to the present calculation. 

The fermion action has the standard staggered form 



S = 



> 4 E 



iv 

2a ^ 



»7Ai( n )(x( n )^(")x( n + A) - x(n + /i)V M t (n)x(n)) + mx(n)x(n) 



(1) 



[where n = (n%, ri2, n^, m) is the lattice coordinate and rj^n) — (— ^»v-i] ; except that original "thin" links 

V are replaced with fattened links V^. Note, however, that we continue to use the Wilson plaquette gauge action 
constructed out of the thin links. 

We use HYP links for the . HYP links are defined by three stages of fattening, and at each stage one must choose 
a fattening parameter. We consider two choices of fattening parameters: those determined by Hasenfratz and Knechtli 
using a n on-p ert urbative optimization Q ; and the values which arise when implementing the Symanzik improvement 
program [14(- It turns out that the latter choice is equivalent, in one-loop calculations, to using Fat-7 links if, in 
addition, one projects the links back into SU(3) (which we call Fat7 links) [15J. 

The key features of HYP links are (i) that they have reduced coupling to the high-momentum gluons which lead to 
taste-breaking transitions; (ii) that they are local in the sense of involving only gauge links contained in hypercubes 
connected to the original link; and (iii) that they lead to (or, in the case of Fat7 links, are conjectured to lead to) a 
large reduction in taste symmetry breaking in the spectrum. Several useful properties of HYP and Fat7 links have 
been discussed recently by one of us |15j . 

The detailed definitions of are given in the original references and need not be repeated here. What is important 
for us are the following properties shared by both choices of fattened links. The usual definition of gauge fields 



Un(x) = exp (iaA lt {x+—)) 
can be extended to the fattened fields, since the latter live in SU(3): 

Vfj,(x) = exp (iaB^{x+—)) . 
The "blocked gauge fields" can be expressed in terms of the usual gauge fields as 



(2) 



(3) 



(4) 



where contains all terms with n factors of A. In our one-loop calculation we need only B^ . Although B\ L does 

(2) 

enter in one-loop "tadpole" diagrams, these contributions vanish, since it follows from the SU(3) projection that B^ 
has the form of a commutator [ij, Il5l |l6( . Thus all we need to know is the coefficient in the linear relation (written, 
for later convenience, in momentum space) 



(5) 



The end result is that, to generalize the one- loop calculations from those for naive staggered fermions (where 
— » Uu), we need only replace the gauge-field propagator with 

(BW>\k)B^(-k)) = X> M p(A0M-*) {A b p {k)AK-k)) 



^2 -nsm 2 { -akp) 



(6) 
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where b, c are color indices, and the last line holds only in Feynman gauge, which we use in our calculations. The 
simplicity of perturbation theory with HYP or SU(3) projected links has also been emphasized in Ref. 
A convenient general form for h^ v (k) is |2| 

V( fc ) = WJ + ^-WM*) ( ? ) 

D^k) = 1 - di si + d 2 sls 2 p - d 3 slspl - d* 5* (8) 

G^(k) = s^G^(k) (9) 
GuM = d 1 -d 2 {Sp+ 2 S,j) +d 3 S -^ + d 4 sl. (10) 

Here, the coefficients di distinguish different choices of fat links. 3 Note that hfj, v (—k) = h^ v {k). 
We consider here the following choices of coefficients: 

(i) Unimproved links (naive staggered fermions): 

di =0, d 2 = 0, d 3 = 0, d 4 = 0. (11) 

(ii) HYP links: 

d x = (2/3)ai(l + a2(l + a 3 )), d 2 = (4/3)aia a (l + 2a 3 ), d 3 = 8 ai a 2 a 3 , d 4 = 0, (12) 

where «x-3 are fattening parameters. One choice was determined in Ref. Q using a non-perturbative optimiza- 
tion procedure: ai — 0.75, a 2 = 0.6 a 3 — 0.3. This gives 

d x = 0.89, d 2 = 0.96, d 3 = 1.08, rf 4 = 0, (13) 

and we call these links "HYP(I)". 

(iii) HYP links with one- loop Symanzik- improved coefficients, i.e. coefficients chosen to remove 0(a 2 ) taste symmetry 
breaking couplings at tree level. This choice gives 

dx = 1, d 2 = 1, d 3 = 1, d 4 = 0. (14) 



These turn out to be identical to the coefficients for Fat- 7 links, and thus we call these links "HYP (II) /Fat 7" . 

We now turn to the four-fermion operators. We construct these from standard hypercube bilinears |l7j . in which 
the spin and tastes of the four continuum fermions are spread over a hypercube. It is useful to recall the form of the 
gauge-invariant bilinears: 

[SxF}(y) = i £[&(y + A) (7S ® !Lf)ab Xc{y + B)] V bc {y + A,y + B). (15) 

/ A.B 

where y denotes the particular 2 4 hypercube, and A, B are "hypercube vectors" denoting the positions within the 
hypercube. The normalization factor is chosen so that this operator goes over, in the continuum limit, to a continuum 
bilinear with standard normalization. The matrices (7s <£> £f)ab are standard; see, e.g., Refs. 0,13. The spin (5) 
and taste (F) of the bilinear can each be scalar, S, vector, V^, tensor, T Mt/ , axial vector, A lll or pseudoscalar, P. 

The only new feature of these operators compared to those used with unimproved staggered fermions lies in the 
links used to make them gauge invariant. The factor V bc (y + A 7 y + B) is constructed by averaging over all of the 
shortest paths between y + A and y + B, and for each path forming the product of the fattened gauge links V^. When 
constructing the operators, we use the same fattened links as in the action, ensuring the conservation of the current 
[V x S]. These are the operators whose one- loop matching factors were found to be small in Ref. ■ 



3 We include di for c om pleteness although it is not needed in our present calculations. It is non-zero for fully 0(a 2 ) one- loop improved 
staggered fermions |14| . 
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For four-fermion operators we need to distinguish the two ways of joining color indices to make gauge invariant 
operators: 4 

[S x F][S' x F'Wy) = -L £ [x£\y + A) (^W^)ab X?\v + B)][xf (y + C) (^W&)cd X^(y + D)] 



f A.B.C.D 



■V e (y + A,y + D) V dc (y + C,y + B) (16) 
[S x F}{S' x F'] n {y) = ±t J2 fcb\v + A ) (7sW^)a B X?\y + B)][xf(y + C) (js- ® Zf')cd xi^Hv + D)] 

f A,B : C : D 

■V bc (y + A,y + B) V de (y + C,y + D) (17) 

The subscripts / and II indicate the number of color traces resulting if each bilinear is contracted with a different 
external operator. We refer to these two types of operator as one-color-trace and two-color-trace, respectively. The 
superscripts (1 — 4) label different flavors (not tastes) of staggered fermions — choosing them all different, as we do 
here, forbids "penguin" diagrams. 

Because staggered fermions represent four tastes, there is considerable redundancy in the transcription of continuum 
operators onto the lattice. The choice we have made — the so-called "two-spin-trace" operators, to be distinguished 
from the one-spin-trace operators of Ref. |lf)j | — is that made in most previous work on staggered weak matrix element 
calculations [9lll8|. and in our present numerical studies 0. 

For bilinear operators with HYP links, a further reduction in the size of one-loop matching contributions was 
achieved using mean- field (or "tadpole") improvement 0- Mean- field improvement for HYP links is completely 
analogous to that for the usual links which was implemented for staggered fermions in Refs. 0,0,01- Links are 
rescaled and the fields are renormalized as follows: 

V 

X^^ = V^oX X -» i> = s/uoX V l ^^V fl = — . (18) 
The mean-field scaling factor uq is determined from the plaquette composed of fattened links 

T 



Uq 



3 Re(TrVpi aq ) 



(4tt) 2 

The integral Imf was called T^_ 2 in Ref. 2j, and is given by 



1/4 2 

' C f Imf + 0(.g 4 ) (19) 



Imf — / Bs2[s2 }^ hi a (k)hi a (k) - si hi a (k)h 2a (k)] . (20) 

^ k 



The numerical values are Imf = 0.57826(1) for HYP(I) links and I M f = 1.05382(3) for HYP(II)/Fat7 links. These 
are substantially smaller than the corresponding factor for the thin link, 7r 2 , but are nevertheless significant. 



III. RENORMALIZATION OF THE LATTICE OPERATORS 



The different types of one-loop diagrams leading to the renormalization of lattice four-fermion operators with 
distinct flavors are shown in Figs. ^ an d 121 These are generically referred to as "current-current" diagrams. Note 
that the non-locality of the lattice operators leads to many diagrams in which one or two gluons emanate from the 
operators themselves. One of the aims of fattening is to reduce their contribution, thus making the lattice operators 
more "continuum-like" . 

The one-loop matrix elements are in general infrared divergent. Following common practice, we regularize this 
divergence by introducing a gluon mass A, i.e. we add A 2 to the denominator of the gluon propagator in Eq. JHJ). This 
allows us to set both the quark masses and the external momenta to zero. 



4 We do not consider operators made gauge invariant by fixing to Landau gauge and leaving out links, since ; when one considers penguin 
diagrams, these mix with lower dimension operators, requiring additional non-perturbative subtractions Il3l . This likely makes them 
impractical for general studies of matrix elements. 
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It is useful to label operators with a vector notation 0, ^| 



O 



halt 



snLatt 

V 

/nLatt 
U i,II 



(21) 



where i runs over the 16 4 different choices for S, S' , F and F' . This notation reflects the factorization of color factors 
from the spin-taste part of the diagram, and is convenient for expressing the results in a relatively compact way. 
The general form of the one-loop matrix element of the four-fermion operators 0\ att can be written 



(Of = {«y + [% log(aA) + C^ u ] } (6f att )^ + 0(a) 



(22) 






(a) 



(b) 



(c) 





(d) 



(e) 






(f) 



(g) 



(h) 



FIG. 2: Examples of the different types of one-loop diagrams contributing to matching factors for "one-color trace" operators. 
The boxes indicate how taste indices are contracted, and the dashed lines indicate how color indices are contracted. 



where (O 



Latt\ 
j I 



(0) 



is the tree level matrix element of the j'th operator, 7^ is the anomalous dimension matrix 5 and 



Cij is the finite part of the correction. Both 7 and C are matrices in the two-dimensional "color-index" space, as 
indicated by their "hats", as well as in the explicit indices i and j. 

Note that, although C is a very large matrix [(16 4 ) x (16 4 ) in its i, j indices], we are actually interested only in 
small blocks within it. This will be discussed explicitly in the following section. Nevertheless, we quote the general 
results since it takes no more work to do so. 

The implementation of mean-field improvement for fattened link operators follows exactly the same steps as for 
those with unfattened links. The details are given in Ref. 0, and we do not repeat them here. The one-loop finite 



5 The anomalous dimension matrix (7) is related to the matrix (f ) of Ref. Q by f = 



-7- 
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parts are shifted according to 

/_ _ \ MF _ T _ 

(C^) = C^ tt + CfImfTh , (23) 

where are numerical factors which are given below for the cases of interest, and Imf is given in Eq. (|2UH . 

In the Appendices we give the expressions for the contributions to Oy * for general i and j. We have calculated 
these using two independent methods. The first, results of which are presented in Appendices lAICl is a generalization 
of that used in Ref. |tl Il(|. The second makes maximal use of previous calculations with bilinears, reducing the 
number of additional integrals required. Results using this method are presented in Appendix [D] for mixing in which 
all bilinears (before and after mixing) have the same taste F, which are the cases of interest for our numerical 
calculations. It is a non-trivial check of our results that these two methods give results consistent within the errors of 
the numerical evaluation of integrals. 

We have done two further checks of our results for Ck att . First, we have checked that they are consistent with the 
U(1)a symmetry, which implies that the renormalization of the following operators should be identical: 

[S x F] [S' x F'] , [S x F] [S'5 x F'5] , [5*5 x F5] [S' x F'} , [S5 x F5] [S'5 x F'5] . (24) 

Second, we have checked the Fierz identities explained in Appendices A and B of Ref. [g. Using these identities, 
any one-color-trace operator can be represented as a linear combination of two-color-trace operators and vice versa, 
leading to many non-trivial relations between renormalization constants. 

In Tables ITt lXXI we give the numerical values for 7^ , C^ att , and the mean-field factors T^- for the following five 
operators: 

% x P]\y M xP] + [A M x P][A M x P] 
[V fl xP][V tl xP]-[A fl xP][A fi xP] 

-2([S x P][S x P]-[P x P][P x P]j 

[S x P][S x P] + [Px P] [P x P] 

~([S x P][S x P] + [P x P][P x P] £[1^ x P][T, V x P)) . (25) 

Here the color-trace indices are omitted on the right-hand-side. The first three operators (Of att , i = 1, 2, 3) contribute 
to CP-violating transitions of kaons in the standard model; the remaining two contribute in models of physics beyond 
the standard model. 

The impact of fattening the links can be seen clearly from the table. Consider first matching between operators with 
different tastes (i.e. coefficients in the tables with tastes other than P). Since taste is conserved in the continuum, 
these coefficients are the full matching factors. They indicate the size of taste-breaking due to the lattice action. 
As the tables show, these coefficients are typically reduced by an order of magnitude when the links are fattened. 
Taste-conserving coefficients are also reduced substantially, but, since here there are additional contributions to the 
matching factors, we postpone further discussion until the following section. 

IV. MATCHING WITH CONTINUUM OPERATORS 

The continuum operators we wish to match to are: 

Ox = (tpUf.L^) (^37m AM 

3 = -2(^1^2) (^3^4) 

04 = (V>li^2)(V>3^4) 

5 = -i(l + | E ) ^(^7^2)^37*7^4) ■ (26) 

Here L,R — 1 ± 75, and color indices are not shown. As on the lattice, the operators come in color types I and 
II. Matrix elements of the operators are regularized using the MS scheme, with e = (4 — d)/2. The particular basis 



^Latt 
QLatt 
QLatt 
QLatt 
QLatt 
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we have chosen is the "practical basis" of Ref. |20j, in which the peculiar factors multiplying O5 are required to 
maintain four-dimensional Fierz relations among renormalized operators. For more discussion on this point, and for 
the conditions which fully define the MS scheme, see Ref. po| . 

Our aim is to find the lattice operators which, at one-loop level, match onto the positive parity parts of these 
operators. 6 To do this we must face the fact that our lattice theory has the additional taste degree of freedom. 
We do so in the manner laid out in Refs. (Tel I2H I22I l23| . First, we divide each quark loop by a factor of four, 
corresponding to taking the fourth-root of the determinant in simulations with dynamical quarks. This step is not 
needed here, since we do not consider penguin contractions or two-loop diagrams. Second, we match lattice matrix 
elements with particular external tastes to continuum matrix elements. To do this we must divide out by appropriate 
taste factors in the lattice matrix elements. 7 In this second stage, there is considerable redundancy corresponding to 
the freedom to pick different tastes. We have resolved this redundancy by choosing operators with the taste of the 
lattice pseudo-Goldstone bosons. 

A useful way of thinking about this matching is the following three stage process. First, we match lattice operators 
with typical lattice spacings (a ~ 0.1 fm) onto lattice operators with infinitessimal lattice spacing (a — > 0). This can be 
done at the level of operators, and is straightforward in principle, aside from potential theoretical issues arising from 
taking the fourth-root of the determinant. Second, we match onto continuum operators defined in our MS scheme at 
an extremely high scale (/1 — > 00). This matching must be done between matrix elements (or contractions in general), 
but it is straightforward to remove the taste factors since one can work at tree level. Third, we match these very high 
scale continuum operators onto those at a typical scale, [i ~ 2 GeV. This is again straightforward. This three stage 
process is an adaptation of that laid out by Ji for normal matching factors [24| . We implement it here at the one-loop 
level. 

To carry out the third stage of this process we need the one-loop renormalization of the continuum operators 
defined above. This has been worked out in Ref. 6, and we recall the essential results here. Using the same vector 
notation for the different choices of color indices defined in Eq. (|21|l . the renormalized one-loop matrix elements are 



(0 .\Cont{X) ^Cont(0) 

The finite constants can be written as follows: 



C 



Cont 



-1/6 




1/2 
4/3 



(4tt) 2 



/ 4/3 
I 1/2 -1/6 



v /■'- ' 



% logQ + 6% ont 



I^q ^Cont(0) 



-1/6 1/2 
1/2 -1/6 



I M c 4 



(27) 



(28) 



where the first matrix in each tensor product acts on the color-trace indices. The mixing matrices which act on the 
operator indices are 



M a = 



M b = 



M c 









\ 














5 











5 -1 





- 


-2 1 / 








\ 


5 























1 -2 





- 


-1 5 / 


-11 











-6 








-6 








-5 








-3 



(29) 



(30) 



(31) 



We see that the continuum finite constants are typically of magnitude ~ 5. 



We could equally well consider the negative parity parts. Matching to these is accomplished by considering lattice operators obtained 
by multiplying by appropriate factors of 75 X £5. 

When we consider operators in which two or more of the four flavors are the same, then, in general, we have to match each contraction 
of the continuum operator onto a particular matrix element of a different lattice operator. 
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The matching coefficients are obtained by equating the one-loop matrix elements calculated using the continuum 
and lattice regularizations, after appropriate taste factors have been divided out of the latter. Although we actually 
match matrix elements, we present the results in the form of an operator matching, since this is more familiar. The 
result is: 



O 



Cont 



E 



= a 



Cont 



(4tt) 2 

s~iLatt \ 

°y ) 



% log(/m) 



g 



(47T) 



2 L y 



O 



Latt 



(32) 



(33) 



The numerical values of matching coefficients can be obtained, for taste £5 , by combining the result of Eq. I|28[l with 
those in the Tables. We close this section by giving some numerical examples of the matching corrections for the 
operators of phcnomcnological importance. For dcfinitcncss, we consider lattice operators with mean-field improved 
HYP(II)/Fat7 links. In order to facilitate comparison with previous work, we quote the same blocks of the matching 
matrices as given in Ref. for specific staggered operators. 

For the first example we quote the square sub-matrix with indices running over the operators 



fc ) i = {(0 1 ) J ,(Oi) JJ ,(0 2 ) J ,(O a ) /J } . 



(34) 



Note that the matching of continuum operators of this form actually involves many other lattice operators than 
these four, but the others have different tastes, and thus do not contribute to matrix elements with external lattice 
pseudo-Goldstone bosons until 0(g A ). We find (with L = log(/j,a)): 



cu - IkiL 



( 4.5785 + 2L -5.8506 - 6L -0.2559 

-5.8161 -6L 4.4209 + 2L 
-0.2559 0.7676 11.1493- 

V 2.4824 -0.1839 



0.7676 
2.4824 
16L -3.0345 
6L 2.5435 -2L 



(35) 



where the error in the last digit is approximately ±2. 

The second example is a rectangular submatrix, having indices 



and 



I 



^(03)/,i(0 3 )/J,(04)/,(04)/J 



Again, these are the only contributions to mixing with operators of the same taste. We find: 

"IkiL ■ 



Ckl 



2.9622 -2L -1.0019 
-3 10.9530 4 



-6L 0.9403 -2.8208 
16£ -7.4011 



(36) 



(37) 



(38) 



where the error in the last digit is approximately ±2. 

3/2 3/2 

Note that these two matching matrices are sufficient for the calculation of Bk, B 7 and B 8 , for which the relevant 
operators are, respectively, + (Oi)ix, {0 2 )n + (C3)/, and (0 2 )i + (0 3 )n. 

The numerical values of the matching coefficients should be multiplied by the factor aj^g{l / a) / A-k . Taking, as an 
example, 1/a = 2 GeV, for which this factor is w 1 /66 we find that a typical coefficient of ~ 5 gives rise to a ~ 10% 
correction, while the largest coefficients are roughly twice this size. These corrections are small enough that one-loop 
perturbation theory is reasonably convergent, which is not the case for unfattened links. 

In making these estimates we are assuming that the appropriate scale (often called q*) is fi ~ 1/a, so that L = 0. 
This is reasonable for fattened (and mean-field improved) links which have reduced couplings to high momentum 
gluons. A more detailed test of this point can, however, be made by calculating g*, an issue which is subtle for 
operators with anomalous dimensions [2|j, l2a> |22| • 



V. CONCLUSION 



The main result of this paper is that, by using fattened links, a long-standing obstacle to studying many weak 
matrix elements of interest using staggered fermions has been removed. In particular, one can use the standard 
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methodology of Refs. |2jJ, |23j , which employs external lattice pseudo-Goldstone bosons, and operators spread out over 
the unit hyper cube, as long as the links in the operators and the action are appropriately fattened. In this case, the 
one-loop corrections in matching factors are typically ~ 10%, and range up to ~ 20%, for all operators. This is the 
same size as the corrections for other choices of fermion discretization, in which one can use ultra-local operators 
which do not contain links. We have shown this for HYP links (or Fat- 7 links including SU(3) projection), but we 
expect a similar result to hold for other fattening choices which reduce taste-symmetry breaking. 

Strictly speaking, our calculation is only complete for operators which do not have penguin contractions. It thus 
applies for the phenomenologically interesting quantities Bk, B^ 2 and B^ 2 , but only a part for AI = kaon decays. 
However, the remaining contribution from penguin diagrams is small for unfattened links 01, and we do not see any 
reason to expect this to be changed by fattening. We are presently checking this expectation. 

A particularly encouraging feature of our results is the across-the-board reduction in mixing of operators with 
different tastes. This provides a thorough test of the idea that, with fattened links, the staggered fermion operators 
are much closer to their continuum counterparts. 
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APPENDIX A: TWO-COLOR-TRACE OPERATORS: FACTORIZABLE CONTRIBUTIONS 



Here we give the expressions for the contributions to the renormalization of two-color-trace operators from factoriz- 
able diagrams. Examples of each type of such diagrams are given in Fig.^a)-(e). These contributions are the same as 
those for bilinears, and thus can be extracted from the results given in Ref. [2j. We present them again here, but using 
a different notation, that which we use in subsequent appendices to express the contributions from non-bilinear-like 
diagrams. 

We use the following abbreviations for lattice integrals: 



B 



(4n f [] 

sin(fc M ) , 
cos(fc M ) , 
1 



_7r dk 



2vr 



s M = sin(fe M /2) 
c M = cos^^) 



(axy 



F 



J2fi s 2 



-21n(aA) +F ooo -IE + 1 



(Al) 



where i*oooo = 4.36923(1) and 7^ = 0.577216 • ■ ■. Here A is the "gluon mass" that regulates the infra-red divergences. 
We set a\ — > except for the logarithms contained in x. 

We consider the renormalization of the two-color-trace four-fermion operator with general spins and tastes: [S x 
F][S' x F']jj. Factorizable diagrams lead only to two-color-trace operators. The contribution from corrections to one 
of the bilinears, say [S x F], can be written 



Gi (a) = 

Gi(fc) = 
Gi( c ) = 



(4tt) : 
{At:) 



rCFSabda'b' 



<JS X (j S (g) £, F )CD + ^2 ^2 ^-MN^l^MSNpv ® £,MFn)c'D 
M,N p,u,P,p 



(ls> ®Zf>)cd' (A2) 



rCpSabSa'b' /J /J ^MN^i^f + ^)mod 2 



M,N [i,v,a 



CD 



(is <S> £,f)cd{js> ®£f>)c>d' 



(A3) 
(A4) 
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Gi( rf ) = 

Gl (e) = 



(A5) 



(4tt) 



x + 2/« - 2/f > + + 2/ 1 (4) - K[ 4) + 6L$ 



{js®£f)cd{"/s> ®Zf>)c>d> ■ (A6) 



Here we have given the contribution from all diagrams of the given type. We use the definitions erg — (4, 1, 0) for spins 
S = (1 or 75, 7 M or 7^75, £>/«,), Asf = J2fi(Sn ~ ^V)mod 2 is the distance between the quark and anti-quark fields in 
the [5 x F] bilinear and Cf = 4/3. The color indices a,b (a',b r ) and spin-taste indices C,D (C',D') correspond to 

the bilinear [S x F] QS" x F']). The matrices (75 <X> £f)cd are standard; see, for example, Ref. 0. 

There are analogous contributions from diagrams which correct the [S" x F'] bilinear, and which can be obtained 
from those above by the interchanges abCDSF «-> a'b'C'D'S'F' . 

The finite loop integrals appearing in these expressions are 



MN 



V fj,u,a 
1 MN 



( BF 2 E M {k)E N (-k)c fl c l/ Sj3Sp E h^\h u \ - ^M,o£jV,o<W<W-B 2 

Jk L A 

r r i 4 

/ BF{z s a )c, hpxhvxrz E E ^(<?g)^(-eg 

T<? = Bexp(ik-n)^2hp X hp X = / 5 E ^ II c 08 ^' 
Jfc L A J Jfc L A Q 

Ta = I B2s fi s l/ g A (k)'^2h tl xhv\ 
Jk I A J 

<7a(&) = (0, 0, 1, 2 + c p , 3 + 2c p + CpCg-) for p ^ a ^ v ^ \i 



where h^ v (k) is given in Eq. Q of the text, and 



E M {k) 



M u = 



f[ Vexp(-i^/2) + (-1) M " exp(+i^/2) 

E M « 
E*^ ' 

p 



Finally, the finite loop integrals needed for the self-energy diagrams are 



r(2) 



A' 



(2) 



r(4) 
A* 



Jfc L A 

/[bFc^E^E^a- 4 ^ 
^ BFFc^Sp sin(2fc M ) E _ 



(A7) 
(A8) 
(A9) 

(A10) 
(All) 

(A12) 
(A13) 
(A14) 

(A15) 
(A16) 
(A17) 
(A18) 

(A19) 
(A20) 
(A21) 
(A22) 
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Kf ] = [\BFFs sm(2kp)J24Y, h l*- 2B 

Jk L n A 

= f BFFc fi c u s fi 8in(2k v )Y / h„xh„ 

J k L \ 



where [i^ v . 



(A23) 
(A24) 



APPENDIX B: TWO-COLOR-TRACE OPERATORS: NON-FACTORIZABLE CONTRIBUTIONS 

Here we give expressions for the non-factorizable corrections to two-color-trace operators, i.e. those from Figs.^f-h). 
These diagrams lead to mixing with one-color-trace operators, and introduce new integrals particular to four-fermion 
operators. 

The results are 

Gl(/) = ihv ( ~ 2N~ Sab6a ' b ' + 2 Sab ' Sa ' b j ■ E E u nml ■ 

y ' \ c / M,N,L 

(Sv + i 7 'i/)mod lilvbMSN ® £v5MFn)cd { (jS'LPft ® £f'l)c'D' ~ (j^LS' <S> ClF')cD'| 



(4tt) 



7 fi,v,a,/3 M,N 
{ivaMS ® £,MF)cD — {iSMav ® £,Fm)cD 



{luPNS' ® £,NF>)c'D> — (7S'AT/3m ® £f'At)c" 



7t) 2 V 2JV, 



^-<U<W + -8 aV 8 a > b J ■ E V Mt 



MNKL 



\i,v M,N,K,L 



(S^ + F^) mod 2 ■ (S v + F^) mod 2 ' ("f^MSN ® £,[i5MFN)cD{lvbKS' L ® £u5KF' h)C D> 

where the finite loop integrals U^ IL and V£ 



'^mnkl are defined as 



NML ~ 



y/iV 

v MNKL 



r V i 4 

/ • ic - mS/3 • J] • E E *M*S2 - e£)E L (-k) 

Jk L A a#I/j=l 

4 4 

/ fe s-E • i E E ^( fc - s $) E »v$) • ^ E E ^(- fc + o$)EU-9&) 



p^fi j=i 



a^v 2—1 



(Bl) 



(B2) 
(B3) 

(B4) 
(B5) 



APPENDIX C: ONE-COLOR-TRACE OPERATORS 

Finally, we give the results for one-color-trace operators. The contributions from diagrams of the type of Fig. E[a) 
are the same as the corresponding two-color-trace contributions aside from the color factor: 



G*2( a ) — Gl(a) (^CFSabSa'b' ~> { — ^J^- S ab S a' b' + -<W^a'&} 

The self-energy diagrams, Figs. GId-e) also differ only by color factors, e.g. 

^2(e) — Gl(e){3abfia'b' ~ + Sab'Sa'b) 

The remaining diagrams give 



(CI) 



(C2) 





5N] 



H,v M,N 
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{l^pMS ® £mf)cd{is'n ® £f>n)cd' + {ism(3h ® £fm)cd{ins' ® £nf')cd> 



G 



2(c) 



+ (7SiV ® £,Fn)cd{1h(3MS' ® £,MF')c'D' + (iNS ® £nf)cd(JS> Mfip, ® £,F>m)c'D' 

2 (An) 2 ' ( -' F ^ ab '^ a ' b ' -^oooo ' 



(C3) 



4(7s ® £f)cd(7S' ® €f')cd' 



1 g 2 

8 (4tt) 2 



+ ~ / 7 ' Cp^ab'^a'b ■ ^ ^ ^m" 



{ (-1) M '( S+F ) + (-1)M-(S'+F') } (7MS £ MF ) CD ( 7MS , ® £ MF , ) C 'D' 



_ 2 | ( _ 1) S fl+ F fl+ M.(5 + F) + (-1)^ + < + M-(S'+0} (7m5Ms ^^ 
+ |(_ 1 )S^+F fl + S„ + F l , + Af-(S+F) + (_ 1 )S; + f;+S^+F,;+M.(S'+F')| . 



(ifiuMS ® ^,^Mf)cd{i^vMS' ® £nvMF>)c'D> 



where the new integral, Tj^", is 



(C4) 



(C5) 



with, for n 7^ v ^ p ^ a, 



and 



G 



2(/) 



(4tt) 2 



1 

2N r 



' .. R T A/T AT v 



(C6) 
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L,M,N 



5L]MN w [v5M]LN 



[ippNSL ® ^NFl)cD {"fMS' ® £mF')c'D' + (7SM ® £f m)cd(jlS> N $h ® £lF'n)c'D> 



G 



2(g) 



+ {lMS ® ^MF)cD('Jfil3NS'L ® £,NF>l)c>D> + (~/LSNf3p ® ^LFn)cd(JS'M ® £f>m)c'D> 

Cf<W<5o'& ' |(7SMp M ® £,FM)CD {"fvcrN S' ® £nF')c'D' 

+ (lnpMS ® £mf)cd{1S'N<jv ® £F'iv)c"£>'} 
_ ( _ ^-SabSa'b' + -Sab'Sa'b^j ' 

|(7SMpp ® £,Fm)cd{"{S'N<jv ® £,F'n)c'D' + {lupMS ® £,Mf)cd{1voNS' ® £jVF')c'£>'} 



(C7) 



(C8) 



G 



2(h) 



(4^) 2 



-^-j-Sab5a>b> + 7J<5 afc /(5 a /f, J ' X/ X/ X] 2^ 7L5M ® ^ LFM ) CD (^NS'K ® £,NF>k)c'D> ' 



M,^ M,N K,L 
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v K{^L\M\vhN\ > 'L[/i5iC]JV[i/5M] 



K i[/i5Rr]M[!/5JV] 



y if[^5L]Ar[i/5M] 



(C9) 



APPENDIX D: AN ALTERNATIVE METHOD FOR CALCULATING RENORMALIZATION FACTORS 

We have done a second, independent, calculation in order to check our results. The second method originates from 
an idea of Martinelli [2S|. and has been generalized to Landau-gauge staggered four-fermion operators in Ref. [l3| . 
and general local operators in Ref. 20]. Here we generalize it further to staggered gauge invariant operators. The 
idea is to use the information available from the renormalization of bilinear operators as fully as possible. It turns 
out that only two types of diagram are specific to four-fermion operators, and these one cannot avoid calculating. 

Although this method allows a full calculation of mixing, we have only done the calculation for specific cases. We 
consider initial operators in which the tastes of the two component bilinears are the same {F[ — Fj), and calculate 
their mixing only into operators having the same tastes Fj = Ff = Fi. We call this "taste-diagonal" mixing. This 
is the subset of mixing coefficients that are needed in our numerical calculations, in which we use external states of 
definite taste. It is legitimate to exclude mixing with "taste off-diagonal" operators because this leads to an error of 
0(g 4 ), the same size as the error we are making anyway by using 1-loop matching factors. 

The restriction to taste-diagonal mixing allows a number of integrals to be dropped, and allows us to obtain 
relatively compact expressions for the final result. 

The basic observation is that almost all diagrams contributing to renormalization of lattice four-fermion operators 
have already been calculated as part of the matching factors for bilinears. The qualifier "as part of is important: 
one needs to know the results for individual subdiagrams. To explain this in more detail we use the notation of 
Ref. P, 0| for the different classes of diagrams: X diagrams involve gluon exchange between external quark lines 
[e.g. Figs. da,g) and|2ta,g)]; Y diagrams involve gluon exchange between external quark lines and the links in the 
operator [e.g. Figs.mh,f) aud[2£b,f)]; Z diagrams are self-energy corrections excluding tadpoles [e.g. Figs.^e) and 
Hfe)]; ZT diagrams are tadpole self-energy corrections [e.g. Figs.^d) andJSJd)]; and T diagrams are tadpoles in which 
the gluon begins and ends on (in general different) links within in the operator [e.g. Figs. IHc,h) and[2c,h)]. This 
classification applies to corrections for both bilinear and four-fermion operators. 

The self-energy diagrams, both types Z and ZT, are independent of the operator under consideration, and thus can 
be taken over from the bilinear calculation without change. 

Contributions from X diagrams can also be expressed in terms of bilinear X diagram corrections, using Fierz 
transformations and charge conjugation. This has been explained in Ref. |13| . and we do not repeat this discussion 
here. There is it also shown how the X, Z and ZT diagrams come with color factors such that they combine as for 
the bilinear calculations. 

The Y and T diagrams divide into three classes. The first, exemplified by Figs.^b,c), contribute to the renor- 
malization of the individual bilinears in the color two-trace form. The second, exemplified by Figs.|2Jb,c), contribute 
to the renormalization of bilinears after Fierzing the one color trace four fermion operator into two color trace form. 
These two sets of diagrams can be combined with the X, Z and ZT diagrams in the way described in the following 
subsection. They do not require calculations beyond those neede for bilinears. 

The third set of Y and T diagrams are intrinsic to four-fermion operators. For two-color-trace operators these are 
exemplified by Figs.^f,h); these, however, can be shown to contribute only to taste off-diagonal mixing. Thus for two- 
color-trace operators the bilinear calculations are sufficient. For one-color-trace operators the diagrams exemplified 
by Figs.|2tf,h); these, however, do contribute to taste-diagonal mixing and have to be calculated explicitly. We discuss 
these calculations in subsections ID 21 [Fig. !2Th)] and ID 31 [Fig. l2Tf)]. respectively. Note that these two contributions 
arc not affected by tadpole improvement. 



1. Bilinear-like diagrams 

Here we discuss how the "bilinear-like" diagrams can be calculated using input only from calculations of matching 
factors for bilinears. 

First note that we only consider initial four-fermion operators, Of att , in which both bilinears have the same spin 
and taste. Our restriction to mixing which is taste-diagonal turns out to imply mixing only with operators of the 
same type, i.e. the spin may change, but it does so for both bilinears in the same way. The label i of such operators 
obviously also labels the spin-taste of the individual bilinears. The taste-diagonal part of the bilinear corrections, 
which is all that we need, are denoted by Xi, Yi, Z, ZT and Tj for the various diagrams. The convention here is that 
the bilinear color factor [Cp = 4/3) and a factor of g 2 /(4ir) 2 are not included. The self-energy contributions, Z and 
ZT, do not have a label since they are the same for all operators. We also need the Fierz matrix for such four-fermion 
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operators, J-ij, and the charge conjugation matrix, dj. The calculation of both is straightforward and is discussed in 
Ref. [l3|. 

To express our results we first define two useful matrices 

Bij = SijiXi+Yi + Z+ZT + Ti); (Dl) 
B'y = Sij(Xi + Z + ZT) . (D2) 

The former has the full bilinear corrections along the diagonal; in the latter the contributions involving the gauge 
links in the operator are removed. The result is then 



( (4/3) \ / TkBmTh 
+ ZX {(1/2) (-1/6) J { T ik B' H Tii 

~ 2 X ( ^(1/2)^ (—1/6) ^ X ^ ik ^~ kl ^lrn^~ mnPnj ■ (D3) 

The factors of two are from the presence of two diagrams of each type. The color matrices are taken from Ref. [l3|. 

Expressions for the bilinear contributions can be determined from Ref. as follows. The Xi are related to the 
mixing matrix Xjk of Ref. |2| by 

X, =X u +xa s . (D4) 

where x is defined in Ea. lAll and as = (4, 1, 0) for spins S = (1 or 75, 7 M or 7^75, Op V ). The Yi are exactly as given in 
Ref. [3: the result depends only on the distance Aj of the bilinear and is labelled Ya,- The Tj and ZT are combined in 
Ref. |2(, and given in terms of two quantities T A . and T A ., which also depend only on the distance. The combinations 
we want are 

Ti = T£ i+l + T b Ai = A,T£ =2 + T b Ai , (D5) 
ZT = T£ =0 . (D6) 

Finally, the non-tadpole self-energy is given by 

Z = -X { ^ m) - F A=1 . (D7) 

Mean-field improvement is simple to implement in this method: one simply applies it to the bilinear corrections 
and then uses the same formulae. This has the following effects: 

Ti -» T 4 + T Ai+1 =T t + A 4 71 =2 = Ti + AJmf , (D8) 
ZT -» ZT + T C A=Q =ZT- I MF , (D9) 

where T A is given in Ref. Q- 

2. Crossed tadpole diagrams 

Here we report the contribution of Fig. ffih) to taste-diagonal mixing. In fact, one can see that the taste-diagonal 
contributions are also diagonal in the spins of the bilinears, and thus are completely diagonal. Following Ref. |2(, we 
first define 

p^k) = D^(kf + Y, G »A k ? ! . ( D1 °) 

4s^s p On P = D ll G litP + D p G p , ll + g »,u g «,p> ( D11 ) 

which are, respectively, the diagonal and off-diagonal parts of the propagator from unfattened link to unfattencd link. 
The integrals that arise are then 



T Cr{\5\) = iEEH 5 "^ / B(k)Pp(k)Vp(H 1 5,k)V T (H,S,k), (D12) 
T8A\5\) = iEE(-)^ +Uip Wp^(^^4WJ 2 ^^^), (D13) 
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where the notation is as follows: 

• The hypercube vector 6 is 5 =2 S — F, where S and F are the hypercube vectors representing the spin and taste 
of each bilinear in the four-fcrmion operator. 

• The indices fi, is, p and a are unequal — a point reinforced by the prime on the sum in T® . 

• H is a hypercube vector, representing the displacement (mod-2) between the quark in one bilinear and the 
antiquark in the other. For one-color trace operators, the gauge links span this distance. When one considers 
the four-fermion operators, H is averaged over, as the expression indicates. 



To write the result in a way which applies to all H, we have used the notation 



= cos(if^/2) , = sin(ff A1 fc A1 /2) = . (D14) 



Note in particular that s'^ — if = 0. 

• The "vertex factor" arises from the product of links of total displacement H from which the gluon emanates — 
one on each end of the gluon propagator: 

V,(H, 5, k) = {c' v c' p c' a f + \ [{c'J^fi-Y^ + perms] . (D15) 

• Finally, the "transverse" form factor T contains dependence on momenta perpendicular to H: 

V T (H,S,k)= Yl cos([l - H e ]5 e k e ) . (D16) 

e=l,4 

• Due to the permutation symmetry between indices, these integrals infact depend only on the "distance" \5\ of 
each bilinear, so that there are five independent integrals. 

Adding in the color factor resulting from one gluon exchange, we find that the contribution to the mixing coefficients 
from these diagrams is 

^""(Crossed tadpoles) = ( " j/ 6 V 2 \ [Tg r (\5i\) + T&m] . (D17) 
This contribution is not affected by mean-field improvement. 

3. Crossed Y diagrams 

The calculation for the crossed Y diagrams, exemplified by Fig. |2£f), is more involved than that for the crossed 
tadpoles. In the end, however, if one considers only taste-diagonal contributions, the final form is similar to that for 
the crossed tadpoles. It can be written in terms of the two integrals 

Y Cr(\S\) = ^EEH^p / B{k)F{k)P,{k) si Vf(H,6,k) V T (H,5,k), (D18) 
Y 8ri\5\) = ^ E E(-) 5 ^ / B{k)F{k)A O^fsl Vj{H, 8, k) V T (H, S, k) . (D19) 



H iiv 

where the notation is as for the crossed tadpoles, except that the vertex factor changes to 



Vf{H, S, k) = {c' v c' p -d a f + 1 [(c' u si p s' a n-) Sp+S ° + Perms] , (D20) 



in which the second factor is three times larger than in , Eq. ID 151 Note that the sum over v in the expression for 
Y§ r is constrained to avoid fi, but is otherwise free. In particular, the absence of a prime on means that there is a 
contribution even if FL V vanishes. 
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Adding in the color factor resulting from one gluon exchange, the overall factor of 2 because the gluon can originate 
from either link factor, and including the overall sign, we find that the contribution to the mixing coefficients from 
these diagrams is 

^"(Crossed y's) = ( "J/ 6 V 2 ) x (-2) x [Y£ r (M + 1&(|*D] ■ (D21) 

Again the result depends only of the distance \S\. 

This contribution is not affected by mean- field improvement. 
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TABLE I: Renormalization constants for O t = (Oi att )i = [V M x P][Vp X P]i + [Ap x x P]j. The anomalous dimension 

matrix -yy and the finite constants CK ati are defined in Eq. 1221 . The coefficients Tij are needed for mean-field improvement, 
as defined in Eq. 1231 . All Greek indices are implicitly summed, with the condition that they are unequal. Results are accurate 
to ±2 in the last digit quoted. 





color trace 


lij 


NAIVE 


^iLatt ^jLatt 

HYP(I) HYP(I I) /Fat7 




\S x V }\S x V..] 


I 





— 14.395 


-1.756 


-2.391 






II 





—3.992 


-0.712 


-0.615 





\ S 1 x V U 9 x V ] 


I 





— 1.110 


-0.238 


-0.194 





fS x yl US' x j4 1 


I 





—0.313 


+0.011 


+0.071 





r t c v a ]\S x A 1 


II 





— 1.219 


-0.034 


-0.061 





[q y 4 ire x 4 l 


I 





—0.119 


-0.003 


-0.008 





[ V /J, A ^ J [ ^ /J. A U\ 


I 





+0.342 


+0.008 


+0.022 





\V x /711V x S] 


II 





—0.539 


-0.010 


-0.030 





V x T IV x T 1 


I 





+1.397 


-0.008 


-0.071 





\V xT IV x T 1 


II 





—2.170 


-0.122 


-0.131 





\V xT IV x T 1 

[ r £t A J- pi/ J [ f /j, A J. p,pj 


I 





+0.565 


+0.029 


+0.023 





V x T IV x T 1 

t Vp A J. p,i/J [ V fj, A J- fj,p\ 


II 





—0.499 


-0.026 


-0.021 





V x T IV x T 1 

[ r £1 A J-pi/JLfp, A J. up\ 


I 





—0.051 


-0.004 


-0.003 





ty^/J. ^ 2^il/][V^t x 71/ p] 


II 





+0.154 


+0.011 


+0.009 





[V^i X 71/p][Vp, X Tfj,i/\ 


I 





-0.051 


-0.004 


-0.003 





V x T IV x T 1 


II 





+0.154 


+0.011 


+0.009 





V, x T„JV, x T„J 


I 





+1.205 


+0.091 


+0.108 





V x T IV x T 1 


II 





—1.972 


-0.114 


-0.113 





V x T IV x T 1 

["/J A - i L'pJ[t'p J A -i 1/77 J 


I 





+0.502 


+0.027 


+0.022 





V, x T„JV, x T„J 


II 





—0.307 


-0.022 


-0.018 





V x P1V x PI 


I 


_2 


—24.1705 


-3.6940 


-5.2994 


+2 


ry; y P1V X PI 


II 


+fi 

] u 


—7.0295 


-0.8481 


-0.4170 





fT,,„ x V,MT„„ x V„] 

[- 1 (J.IS A V p,J |^J. A V p,J 


I 





+18.270 


+1.864 


+2.448 


—1 


FT x V 1FT x V 1 

[J- flis A Kp,JL-/-p,i/ A K|iJ 


II 


fj 


—4.544 


-0.733 


-0.662 





[T,,„ x v;,ifT„„ x V„] 

[-L //I/ A V p,J [J. A V v J 


I 





—1.952 


-0.400 


-0.337 





[T M „ x V^][T MV x \4] 


II 





+2.527 


+0.488 


+0.427 





[T M „ x V„][T„ V x \/ p ] 


I 





-0.223 


-0.072 


-0.064 





[T^ x V^pV x Vp] 


II 





+0.669 


+0.215 


+0.191 





[T^ x V^,][T M „ x Vp] 


I 





-0.223 


-0.072 


-0.064 





[T M „ x V P ][T^ x Vj»] 


II 





+0.669 


+0.215 


+0.191 





[T^ x V P ][T^ x V p ] 


I 





-15.294 


-1.375 


-2.010 


+1 


[T M „ x V P ][T^ x V p ] 


II 





-4.387 


-0.730 


-0.652 





[Tp„ x V P ][T„ V x V„] 


I 





+1.110 


+0.237 


+0.194 
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TABLE II: Renormalization constants for (0{ att )i (continued from Table|TJl. 



/r\Latt 


color trace 


1U 


s~iLatt 

IN Al V tj 


s~iLatt s~iLatt 
ij ij 

HYP(I) HYP(II)/Fat7 




[J- fiW X X ^pj 


I 





+0.018 


-0.005 


-0.007 





[J- fiV X ^iy^Jl^y^ X -/ipj 


II 





— 1.061 


-0.031 


-0.051 





Vrp < 1 [it-i < ] 

[-L fiv X ^i/^JL^M^ X -™-v\ 


I 





—0.055 


-0.001 


-0.007 





\rri J 1 \T I „ 1 1 

[J- [iv X \J- X J± u \ 


II 





—0.191 


-0.005 


-0.004 





[T{j,v x Ap^T^ x Ap] 


I 





+0.032 


+0.001 


+0.001 





P/xw x Ap] [T^t/ x Ap] 


II 





-0.096 


-0.002 


-0.002 





[J- fiv X J±p\[l X -Zip J 


I 





+0.032 


+0.001 


+0.001 





[J- fiv X ^pj [J fiv X >ip,J 


II 





—0.096 


-0.002 


-0.002 





[1 fj,u X -ripj [J pi/ X s\p\ 


T 
1 





+0.742 


+0.027 


+0.045 





Trri v 1 1 ["rr-r 1 
[1 X -ripj [J p,l/ X /ipj 


T T 
11 





— 1.219 


—0.034 


—0.061 





{-I- fits X -ripj [J p,i> X flril 


T 
1 





+0.119 


+0.003 


+0.008 





[A w CI r A cl 

[A M x b\[A„ x 6 J 


T 
1 





+0.342 


+0.008 


+0.022 





[A^ x SjlAp x S] 


II 





—0.539 


-0.010 


-0.030 





[-^i// X Jp :i/ J[/lp : X ip,i/J 


I 





+1.397 


-0.007 


-0.071 





r /I rri I r A rri 1 
[>lp. X 1 X 1 p,yj 


II 





—2.170 


-0.122 


-0.131 





[Zip, X Jp.t/J[/lp. X J- fj,p\ 


I 





+0.399 


+0.020 


+0.016 





[Zip, X Jp,t/J[/lp, X i-vp\ 


I 





—0.083 


-0.004 


-0.004 





[Zip, X Jp rt /J[/lp, X ii^pj 


II 





+0.249 


+0.013 


+0.011 





[Ap, x T^p][Ap x Tp^] 


I 





-0.083 


-0.004 


-0.004 





[Ap, x T^p][Ap, x T^y] 


II 





+0.249 


+0.013 


+0.011 





[Zip, X l U p\[J±fj, X ii/pj 


I 





+1.336 


+0.097 


+0.120 





[Ap, x Tl/p][Ap x Tup] 


II 





-2.367 


-0.131 


—0.150 





[a w t 1 r /i t" 1 1 

[>lp, X J,ypJ[^lp X lvr}\ 


I 





+0.399 


+0.020 


+0.016 





L4 M x P\ [Ap x P\ 


I 


— 2 


— lA.77Zb 


-4.2156 


-5.8111 


+2 


r a , 7~»i r /t . 7~>i 

[Af_i x P] [Ap x P] 


II 


+6 


—5.2234 


+0.7166 


+1.1181 





[p x vy[p x vy 


I 





+ 17.108 


+2.232 


+2.804 


—1 


fri T /" ITT - ) T 7 1 

[P x VVJ[P x K M J 


II 





—4.149 


-0.716 


-0.625 





[P x V?][P x K] 


I 





+0.805 


+0.107 


+0.078 





[P x V M ][P x K] 


II 





+0.915 


+0.391 


+0.350 





[P x A„][P x Ap] 


I 





+1.073 


+0.010 


-0.034 





[PxAJPxAJ 


II 





-1.061 


-0.031 


-0.051 





[P x A„][P x A„] 


I 





+0.183 


+0.005 


+0.009 





[P x A M ][P x A,] 


II 





-0.191 


-0.005 


-0.004 






TABLE III: Renormalization constants for Ot = (Of att )n = [V p x P][V„ x P]jj + [A^ x P]L4p x P]//. 



sr\hatt 


color trace 


Jij 


NAIVE 


ij ij 

HYP(I) HYP(II)/Fat7 


Tij 


[S x x V„] 


I 





-5.587 


— 1.14U 


— l.Uoo 





[S x x Vp] 


II 





+1.862 


+0.380 


+0.353 





y V lfQ v T/ 1 
[O X V/iiJ[0 X V u \ 


T 
1 


U 


110 
-\-l.LlZ 


+0.346 


+0.312 


n 
U 


[S x V^IS x V„] 


II 





-0.371 


-0.115 


-0.104 





[S x A^IS x A„] 


I 





-1.311 


-0.028 


-0.028 







II 





+0.437 


+0.009 


+0.009 





[S x x A„] 


I 





-0.236 


-0.006 


-0.007 





[S x x A„] 


II 





+0.079 


+0.002 


+0.002 





[V p xS][V p xS] 


I 





-1.107 


-0.022 


-0.066 





[V p x x S] 


II 





+0.369 


+0.007 


+0.022 





[V p x Tpv] [V/j, x Tpv] 


I 





-1.106 


-0.058 


-0.053 





[V„ x T pv ][V p x T pv ] 


II 





+0.369 


+0.019 


+0.018 





[V„ x T^][V^ x T pp ] 


I 





+0.150 


+0.008 


+0.006 





[V^ x T M „][y M x T pp ] 


II 





-0.050 


-0.003 


-0.002 





[v^ x r^][y M x r„ p ] 


I 





+0.403 


i n no/i 


i n m q 





[V^ x T^][V M x T vp ] 


II 





-0.134 


-0.008 


-0.006 





W v T in/ v 7 1 1 


T 
1 


n 
u 




+0.024 


+0.019 


n 

u 


[V M x T vp ][V p x Tp„] 


II 





-0.134 


— U.UUo 


— U.UUO 





[V^ x T vp ][V p x T vp ] 


I 





-2.777 


-0.185 


-0.226 





W v T HT/ v 7 1 1 

[V^i X J-vp\[Vfji X J- i/pj 


TT 
11 


n 
u 




+0.062 


+0.075 


n 

u 


[V M x T„ p ][1/ M x T, yt) ] 


I 





+0.150 


+0.008 


+0.006 





[V^ x T vp ][V p x T vrl ] 


II 





-0.050 


-0.003 


-0.002 





[V p xP][V p xP] 


I 


+6 


-4.4997 


-0.0548 


+0.3161 





[V p xP][V p xP] 


II 


-2 


-58.5269 


-7.9545 


-10.6903 


+4 


x V p ][T pl , x Vp] 


I 





-2.766 


-0.454 


-0.376 





[T pu x V p ][T pv x Vp] 


II 





+0.922 


+0.151 


+0.125 





\T pv x V p ][T pv x V„] 


I 





-0.416 


-0.089 


-0.073 





[T M „ x Vp][Tp„ x V„] 


II 





+0.139 


+0.030 


+0.024 





[T M „ x Vp][Tp„ x Vp] 


I 





+0.764 


+0.218 


+0.192 





[T M „ x Vp][Tp„ x Vp] 


II 





-0.255 


-0.072 


-0.064 





[Tp„ x Vp][T^ x V M ] 


I 





+0.764 


+0.218 


+0.192 





[Tp„ x Vp][Tp„ x Vp] 


II 





-0.255 


-0.072 


-0.064 





[T M „ x Vp][Tp, x Vp] 


I 





-5.972 


-1.000 


-0.920 





[T pv x V p \[T pv x V p ] 


II 





+1.991 


+0.333 


+0.307 





[Tp„ x Vp][Tp„ x V„] 


I 





+1.945 


+0.524 


+0.458 





X V p ][T pv X Vr,] 


II 





-0.648 


-0.175 


-0.153 
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TABLE IV: Renormalization constants for (Oi att )u (continued from Table HTlI. 



/r^Latt 

°i 


color trace 


%i 


s~iLatt 

IN Al V tj 


s~iLatt /^iLatt 
ij ^3 

HYP(I) HYP(II)/Fat7 


1 ij 


trji A 1 frji A 1 
lJ-Z.il/ X ^-/jj [J- /.li/ X ^-/^J 


1 





—0.772 


-0.017 


-0.019 







II 





+0.257 


+0.006 


+0.006 





[Tf_tv x A^Y{Tf_ Lh , x A^] 


I 





-0.045 


—0.001 


—0.003 





TT 1 v zl 1 TT 1 A 1 
[J- ^ti/ X Si^lll^v X /iyj 


T T 
11 





+0.015 


+0.000 


+0.001 





ILV X /ipj[lp,, X ^T-pJ 


I 





— 1.705 


-0.057 


—0.112 





\r~f~\ , A 1 fry - ! ,4 1 
[i X /ipJ[i / _ tL y X -r±p\ 


II 





+0.568 


+0.019 


+0.037 





It 1 \s a l rT^ /i i 

[J- f_tv X -ripj [J (iv X ^77] 


I 





—0.529 


-0.013 


-0.008 





[-L j_LV X /ipj[ip,, X 


II 





+0.176 


+0.004 


+0.003 





\ A „ nlf ^ w nl 

[A^ x AJ[A M x b\ 


T 
1 





—0.479 


—0.008 


—0.026 





\ A w nlf /I . , cl 

[A M x 6J[A M x b\ 


T T 
11 





+0.160 


+0.003 


+0.009 





\ A \/ 1 T A v T 1 1 
l/i/j, X J X 1 fii/^ 


T 
1 





— 1.106 


-0.058 


-0.053 





[A^ X J^/if] [Ap, X J^i/] 


II 





+0.369 


+0.019 


+0.018 





[■A// X [.Ap, X T/^p] 


I 





+0.150 


+0.008 


+0.006 





r a w t -1 1 r 4 w t 1 

[^ip, X J^t/J[^lp, X J /zpj 


II 





—0.050 


-0.003 


-0.002 





[A^ x jT^p][^4^ x Tup] 


I 





-2.776 


-0.185 


-0.226 





[A^ x Tl/p][ J 4^ x Tup] 


II 





+0.925 


+0.062 


+0.075 





r a s 1 r a w i 
[-/i^ X l U p\yJ\^ X iiz-^J 


I 





-0.656 


-0.041 


-0.033 





r A xy rri 1 f /I w T 1 
[-^-/J, X Ji/pJ[/l^ X J-UT}\ 


II 





+0.219 


+0.014 


+0.011 





L4 M x PJ L4 M x PJ 


I 


+6 


-4.4997 


-0.0548 


+0.3161 





r a . t~>i r a , t~>i 

[A M x P] [Ap x P] 


II 


-2 +1.4999 +0.0183 


-0.1052 





r t~> t t i r t~> , t r 1 

[P x K M ] [P x V>] 


I 





-3.153 


-0.314 


-0.237 





TO v , T / 1 T D , , T T 1 

[P x V{±\ [P x V^iJ 


II 





+1.051 


+0.105 


+0.079 





[P x V„][P x V u ] 


I 





+0.416 


+0.089 


+0.073 





[PxV„][PxV v ] 


II 





-0.139 


-0.030 


-0.024 





[P x A„][P x A„] 


I 





-0.377 


-0.011 


-0.029 





[P x A M ][P x 


II 





+0.126 


+0.004 


+0.010 





[P x A»]{P x A„] 


I 





+0.045 


+0.001 


+0.003 





[Px A M ][PxAj\ 


II 





-0.015 


+0.000 


-0.001 






TABLE V: Renormalization constants for % = {0^ att )i = [Vy x P][Vy x P]i - [Ay x P][A 



/r\hatt 


color trace 


la 


NAIVE 


AiLatt AiLatt 
ij ij 

HYP(I) HYP(I I) /Fat 7 


Tij 


[S x Vy][S x Vy] 


I 





+23.854 


+2.698 


i o i no 
+3.103 


-1 


[S x Vy][S x V„] 


II 





+0.842 


+0.398 


+0.377 





[O X v M J[o X v v \ 


T 
1 


U 




-0.030 


-0.024 


U 


[S x \/ M ][5 x V„] 


II 





+0.416 


+0.089 


+0.073 





[SxAy][SxAy] 


I 





-1.443 


-0.022 


-0.015 





[S x Afj][S x Ay] 


II 





-0.842 


-0.023 


-0.033 





[SxAy][SxA v ] 


I 





+0.015 


+0.000 


+0.001 





[S x Ay][S x A,] 


II 





-0.045 


-0.001 


-0.003 





[Vy X S][Vy X S] 


I 





+0.515 


+0.004 


+0.021 





[Vy X S][Vy X S] 


II 





+0.254 


+0.006 


+0.016 





[Vy X Ty V ]\Vy X Ty V ] 


I 





-3.978 


-0.128 


-0.052 





[Vy X Ty V ][Vy X T y V ] 


II 





+1.064 


+0.064 


+0.078 





[Vy X Ty V ][Vy X Ty p \ 


I 





-0.216 


-0.011 


-0.009 





[Vy X Ty V ][Vy X Ty p ] 


II 





+0.648 


+0.034 


+0.027 





[Vy X Ty V ][Vy X T v p ] 


I 





-0.051 


— U.UU4 


— U.UUo 





[Vy X Ty V ][Vy X T vp ] 


II 





+0.154 


+0.011 


+0.009 





W v T ]\V v T 1 

[Vy X ± Vp \[Vy X ±yv\ 


T 
1 


u 


— U.UOl 


-0.004 


-0.003 


u 


[Vy X T„ p ]{Vy X Ty V \ 


II 





+0.154 


-t-u.ui 1 


i n nno 





[Vy X T vp \\Vy X T vp ] 


I 





-3.486 


-0.088 


-0.001 





\V v T 1 W v T 1 


TT 
11 


n 
u 




-0.054 


-0.076 


u 


[Vy X T„ p ]{Vy X T vv ] 


I 





+0.053 


+0.005 


+0.004 





[Vy X T vp ][Vy X T vrl ] 


II 





-0.158 


-0.014 


-0.012 





[Vy X P][Vy X P] 


I 


-16 


-13.6711 


-3.5661 


-6.0369 


+2 


[VyXP][VyXP] 


II 





-2.5298 


-0.7933 


-0.7331 





[Ty V X Vy\[Ty V X Vy] 


I 





-24.728 


-2.923 


-3.324 


+1 


[Ty V X Vy][Ty V X Vy] 


II 





+1.781 


+0.279 


+0.286 





[Ty V X Vy][Ty V X V V ] 


I 





+0.980 


+0.192 


+0.167 





[Ty V X Vy][Ty V X V V ] 


II 





-2.941 


-0.577 


-0.500 





[Ty V X Vy][Ty V X Vy] 


I 





-0.223 


-0.072 


-0.064 





[Ty V X Vy][Ty V X Vp] 


II 





+0.669 


+0.215 


+0.191 





[Ty V X V p \[Ty V X Vy] 


I 





-0.223 


-0.072 


-0.064 





[Ty V X Vp][Ty V X Vy] 


II 





+0.669 


+0.215 


+0.191 





[Ty V X Vy][Ty V X Vp] 


I 





-23.590 


-2.740 


-3.136 


+1 


[Ty V x V p ][Ty„ x Vp] 


II 





-1.623 


-0.275 


-0.276 





[Ty V X Vp][Ty V X V V ] 


I 





-0.139 


-0.030 


-0.024 





[Ty V X Vp][Ty„ X Vy 


II 





+0.416 


+0.089 


+0.073 
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TABLE VI: Renormalization constants for (Of (continued from Table Ml. 





color trace 




IN Al V li 


ij 

HYP(I) HYP(1 1) /Fat 7 




\ r T~ [ \s A 1 \ r T~ [ \s A 1 

[J- x ^VJL-* i-iv x ^i/^J 


I 





+1.820 


+0.035 


+0.037 





[1 j_ LU X ./ipj^ipi, X -rip,J 


II 





—0.289 


-0.014 


-0.032 





[■/T - ] V/ /I 1 ["T V/ A 1 

p>y X J±p\[l p U X /i„J 


I 





+0.049 


+0.001 


+0.000 





[■/-7~i v i l l r T 1 \s A 1 
L J /Jf X /ipj^pj, X Ji-vl 


II 





—0.146 


-0.003 


-0.001 





[J- f_tv x /i^jLi^j, x /ipj 


I 





+0.032 


+0.001 


+0.001 





[Tfiv x -A/i] [T/ii/ x Ap] 


II 





-0.096 


—0.002 


—0.002 





[Tpu x ApjlT^t/ x -A/z] 


I 





+0.032 


+0.001 


+0.001 





rr7~i /I 1 r r 7~' A 1 
[J. p,^ X -rt.pJ[Jp,t/ X 


II 





—0.096 


-0.002 


-0.002 





[■/t - ] /I 1 ["'T - ' w 4 1 
[1 lii/ X J±p\[l X >ipj 


I 





+1.575 


+0.024 


+0.012 





[1 pv X -ApJ [J- fiv X >ipj 


II 





+0.446 


+0.017 


+0.043 





[J p,i/ X -iT-pJ [J p.z/ X ^77] 


T 
1 





+0.015 


+0.000 


+0.001 





[J fn/ X -iT-pJ [J p,i/ X sifjj 


II 





—0.045 


—0.001 


—0.003 





\ A nlf < . , Cl 

[A M x *J[A M x 6 J 


T 
1 





—0.515 


—0.004 


—0.021 





[A M x S] [Afj, x 5] 


II 





—0.254 


-0.006 


-0.016 





r a \/ r r i i r a \/ r r i i 

X J /ii/J^M X J-pt/J 


T 
1 





+3.978 


+0.128 


+0.052 





[yip, x jp^jjyip, x i^yj 


II 





— 1.064 


—0.064 


—0.078 





[j4.p, x jp^jjyip, x Jp,pJ 


I 





+0.050 


+0.003 


+0.002 





r a \s t 1 i r a v t" 1 l 


II 





—0.150 


-0.008 


-0.006 





r a \y r r~ i i r a \/ r r~ i i 

|/ip, X i^i/J^p, X J i/pj 


I 





—0.083 


-0.004 


-0.004 





[yl^ x Xp^jjylp^ x Tvp\ 


II 





+0.249 


+0.013 


+0.011 





[Ap x T V p\ \Ap, x Tp,iy] 


I 





-0.083 


-0.004 


-0.004 





[./ip, X J !/pJ [-Ap, X 1 p,v\ 


II 





+0.249 


+0.013 


+0.011 





[Ap x T V p\ [A^ x T^p] 


I 





+3.355 


+0.083 


—0.012 





[-Ap x T V p\ \Ap, x T^p] 


II 





+0.804 


+0.071 


+0.114 





r a \y r r~ i i r a w t - * l 

[■ri-p, X J i/pj [-^p, X 1 i/jj J 


I 





+0.050 


+0.003 


+0.002 





[A.p x Tup] \Afj, x T ur j\ 


II 





-0.150 


-0.008 


-0.006 





L4 M X X P] 


I 


+16 +14.2732 +4.0877 


+6.5486 


— 2 


r a , ni r a . . 7~>i 

[j4. m x P]L4 M x P] 


II 





+0.7236 


-0.7715 


-0.8020 





r 7~» . . T T 1 r T~> T r 1 

[P x Vp][P x V^t] 


I 





+24.468 


+2.964 


+3.358 


—1 


[P x VV|[P x V,,J 


II 





-0.999 


-0.402 


-0.388 





[P x V" M ][P x V v ] 


I 





-0.166 


-0.101 


-0.092 





[PxV„][PxV u ] 


II 





+0.497 


+0.302 


+0.277 







I 





-1.952 


-0.037 


-0.034 





[P x y4 m ][P x j4 m ] 


II 





+0.685 


+0.020 


+0.022 





[P x A^[P x A v ] 


I 





-0.079 


-0.002 


-0.002 





[Px4J[Pxi] 


II 





+0.236 


+0.006 


+0.007 






TABLE VII: Renormalization constants for O t = (0^ att )u = [V„ x P][V M x P]n - [A p X P][A„ 



/r\hatt 


color trace 


la 


NAIVE 


ALatt PiLatt 
ij ij 

HYP(I) HYP(II)/FaX7 


Tij 


[S x x V M ] 


I 





+5.587 


11 1 a n 
+ 1.14U 


11 OCCQ 





[5 x V^S x V„] 


II 





-1.862 


-0.380 


-0.353 







T 
1 


u 


— 1.11Z 


-0.346 


-0.312 


u 


[5 x y^p x K] 


II 





+0.371 


+0.115 


+0.104 





[5 x AJ[S x A„] 


I 





-1.311 


-0.028 


-0.028 







II 





+0.437 


+0.009 


+0.009 





[5 x A„][S x A,] 


I 





-0.236 


-0.006 


-0.007 





[5 x A M ][S x A„] 


II 





+0.079 


+0.002 


+0.002 





[V M x Sp p x 5] 


I 





+1.107 


+0.022 


+0.066 





[V^ x Sp„ x S] 


II 





-0.369 


-0.007 


-0.022 





[V„ x T^][V M x T M „] 


I 





-1.106 


-0.058 


-0.053 





[V p x T M „][V„ x T M „] 


II 





+0.369 


+0.019 


+0.018 





[V M x T M „][V„ x T MP ] 


I 





+0.150 


+0.008 


+0.006 





[V M x T^][V M x T MP ] 


II 





-0.050 


-0.003 


-0.002 





[V M x T^][V^ x T vp \ 


I 





+0.403 


1 n 09/1 


1 n ni o 





[V M x T M „][V„ x T vp \ 


II 





-0.134 


-0.008 


-0.006 





w v t in/ v T 1 


T 
1 


n 

u 




+0.024 


+0.019 


u 


[V M x T„ P ][V P x T M „] 


II 





-0.134 


n fins 
— U.UUo 


— U.UUO 





[V M x T vp ][Vn x T„ p ] 


I 





-2.777 


-0.185 


-0.226 





ft/ v T in/ v T 1 1 


1 1 
11 


u 




+0.062 


+0.075 


n 
u 


{Vfi x Tt/pjfV^i, x 77] 


I 





+0.150 


+0.008 


+0.006 





[^p, x T^pjfV^i, x 2i/j^] 


II 





-0.050 


-0.003 


-0.002 





[V P x Pp M x P] 


I 


-6 


+4.4997 


+0.0548 


-0.3161 





[V P x Pp M x P] 


II 


+2 


-61.5267 


-7.9910 


-10.4796 


+4 


[T pv x v^pv x V M ] 


I 





-2.766 


-0.454 


-0.376 





[T M „ x V M ][T^ x V M ] 


II 





+0.922 


+0.151 


+0.125 





[T M , x V M ][T MI/ x V„] 


I 





-0.416 


-0.089 


-0.073 





[Tp V x V M ][T MI/ x V„] 


II 





+0.139 


+0.030 


+0.024 





[Tp V x V M ][T^ x V p ] 


I 





+0.764 


+0.218 


+0.192 





\T pv x vypr^ x V p ] 


II 





-0.255 


-0.073 


-0.064 





[Tfiv x l/ p ][T M „ x \/ M ] 


I 





+0.764 


+0.218 


+0.192 





[T„ v x V P ][T MI/ x V M ] 


II 





-0.255 


-0.073 


-0.064 





[T„„ x \/ p ][T p „ x \/ p ] 


I 





-5.972 


-1.000 


-0.920 





[Tfiv x \/ p ][T p „ x \/ p ] 


II 





+1.991 


+0.333 


+0.307 





[Tp V x vypv x V,] 


I 





+1.945 


+0.524 


+0.458 





[T M „ x \/ p ][T p „ x V„] 


II 





-0.648 


-0.175 


-0.153 






25 



TABLE VIII: Renormalization constants for (G% att )u (continued from Table lYTfl . 



°j 


color trace 


1ij 


s^iLatt 

AT A T"\ TT7> 


p-iLatt s~iL<j,tt 
ij ^3 

HYP(I) P"yP(77)/Fat7 


Tij 




I 





+0.772 


+0.017 


+0.019 





[T^^ x ApjITp,!, x A.p\ 


II 





-0.257 


-0.006 


-0.006 





[Tfj,u x Ap] fZ^iy x Ay] 


I 





+0.045 


+0.001 


+0.003 





[J /xi/ x ^-pj [J /it/ x -ft-v\ 


II 





-0.015 


+0.000 


—0.001 





\rr^ A 1 Tt -1 A 1 
[i p^ X -rip] [1 (_lu X -ApJ 


I 





+1.705 


+0.057 


+0.112 





[i pt, X /ipj [J p^ X -rlpj 


II 





—0.568 


-0.019 


-0.037 





[J py X r\p\ [1 pi/ X /l^J 


I 





+0.529 


+0.013 


+0.008 





[Tpj/ x Ap] [T^y x A^] 


II 





-0.176 


-0.004 


-0.003 





r ^ oi r 4 . oi 

[A M x 5] [,4 M x S] 


I 





—0.479 


-0.008 


-0.026 





r a rn r ,t 

[Ap x S 1 ]^ x 5] 


II 





+0.160 


+0.003 


+0.009 





r a r r~ i i r a >*/ t - * i 

[-ri-fj, X Jpt/J[/lp X ipi/J 


I 





+1.106 


+0.058 


+0.053 





[Ap x Tp^jjAp, x Tpy] 


II 





-0.369 


-0.019 


—0.018 





[Ap x Tpt/jJAp x Tpp] 


I 





-0.150 


-0.008 


-0.006 





[-ri-fj, X Jp t /J[y±p X J ppj 


II 





+0.050 


+0.003 


+0.002 





[Ap x T^/pjlAp x T U p\ 


I 





+2.777 


+0.185 


+0.226 





[Ap x 71/ p] [Ap x T U p\ 


II 





-0.926 


-0.062 


-0.075 





[-Ap X J^pJjAp X J i/T}\ 


I 





+0.656 


+0.041 


+0.033 





[Ap x Tl/p][Ap x T u <q\ 


II 





-0.219 


-0.014 


-0.011 





[j4-/a X P][A M X P] 


I 


+6 


-4.4997 


-0.0548 


+0.3161 





[Aft x P] [Aft x P] 


II 


-2 +1.4999 +0.0183 


-0.1055 





[p x vy[P x Vp] 


I 





+3.154 


+0.314 


+0.237 





[P x Vn\[P x V%] 


II 





-1.051 


-0.105 


-0.079 





[P x yjp X V„] 


I 





-0.416 


-0.089 


-0.073 





[Px V M ][PxT4] 


II 





+0.139 


+0.030 


+0.024 





[PxAJPxA,] 


I 





-0.377 


-0.011 


-0.029 





[P x A M ][P x A„] 


II 





+0.126 


+0.004 


+0.010 





[P x A„] [P x A u ] 


I 





+0.045 


+0.001 


+0.003 





[P x A^P x A u ] 


II 





-0.015 


+0.000 


-0.001 






TABLE IX: Renormalization constants for Oi = (Of" 1 '*)/ = 2[P x P][P x P]j - 2[S x X P]j. 



s/\Latt 
U j 


color trace 




AiLatt 

NAIVE 


HYP (I) 


AiLatt 

HFP(//)/Fat7 


Tij 


\q v on r c v <71 

IO X OJIO X OJ 


T 
1 


u 




— u.uuo 




n 
u 


[S x S][S x S] 


II 





-0.507 


-0.011 


-0.031 





|SxySxTp] 


I 





-1.068 


-0.004 


+0.039 





[S y T US x T 1 


II 





-0.458 


-0.002 


+0.017 


o 


[5 x T^][S x T MP ] 


I 





-0.349 


-0.018 


-0.014 





[5 x T„ V ][S x T MP ] 


II 





-0.150 


-0.008 


-0.006 





[5 x P][S x P] 


I 


2 x (-2) 2 x (+25.1879) 2 x (+3.2311) 


2 x (+4.6654) 


2 x (-2) 


[5 x P][S x P] 


II 


2 x (+6) 


2 x (+3.9775) 


2 x (+2.2370) 


2 x (+2.3189) 





rv v v in/ v i/ l 


T 
1 





+33.749 


+3.621 




o 


[V„ x \/ M ][l/ M x \/ M ] 


II 





—2.263 


—0.586 


-0.547 





[V M x K,][V M x K] 


I 





-0.580 


+0.210 


+0.208 





[V M x V„][K M x V„] 


II 





+0.193 


-0.070 


-0.069 





[V„ x V,][\/ M x V p ] 


I 





+1.249 


+0.267 


+0.219 





[V„ x K][V M x V p ] 


II 





-0.416 


-0.089 


-0.073 





x A^[y„ xAJ 


I 





-0.403 


-0.033 


-0.082 





KxAJV, xAJ 


II 





+0.776 


+0.031 


+0.060 





[V^ x j4„][V^ x j4„] 


I 





+0.462 


+0.007 


-0.012 







II 





+0.198 


+0.003 


-0.005 





rv v 4 in/ y 4 i 


T 
1 





-0.064 


-0.002 


n nni 

— U.UUl 


n 
u 




II 





+0.191 


+0.005 


+0.004 







I 





-0.064 


-0.002 


-0.001 







II 





+0.191 


+0.005 


+0.004 





ftxiiiy.x^] 


I 





+0.104 


+0.003 


+0.007 





[V„ x A„][V„ x A p ] 


II 





+0.045 


+0.001 


+0.003 







I 





+0.815 


-0.053 


-0.115 





\Tj_ii/ x TfH/] \Tf_n; x T^u] 


II 





-2.065 


-0.144 


-0.211 





[TfJ,U X Tyj,p] [Tyj,;y X 2^47/] 


I 





+0.449 


+0.023 


+0.018 





[^tlW ^ T{Ap^(F}AV X T/ZTj] 


II 





-0.150 


-0.008 


-0.006 





X Tyj,p] [Tyj,;y X Tjs p\ 


I 





-0.449 


-0.023 


-0.018 





[^jty X Tfxp^Tfxi/ X Tvp\ 


II 





+0.150 


+0.008 


+0.006 





x T^p^^T^is x Tprj] 


I 





+0.102 


+0.007 


+0.006 







II 





-0.307 


-0.022 


-0.018 







I 





+0.102 


+0.007 


+0.006 







II 





-0.307 


-0.022 


-0.018 





[T/iy x Tp^] \Tf_n/ x 2~p^] 


I 





-0.551 


+0.065 


+0.140 







II 





+1.275 


+0.110 


+0.136 






TABLE X: Renormalization constants for (Of" 1 ")/ (continued from Tabic |X} . 



/■r\hatt 

°i 


color trace 


1ij 


s^tLatt 

IN At V t, 


s~iLatt 

ri Y r (1) 


s^iLatt 

tl i t^yll )/r at I 




f A ,, T7 IT 1 ^ , T 7" 1 

]Afi x VpWAp x VpJ 


I 





+32.136 


+3.228 


+4.449 


—2 


f A T T 1 T A t; 1 

[A^ x V^][A^ x VpJ 


II 





+2.578 


+0.593 


+0.568 





\Af_i x V„][Ap x V v ] 


I 





—0.451 


+0.163 


+0.161 





[An x VJ[A M x V v ] 


II 





-0.193 


+0.070 


+0.069 





[Ap x V M P M x V v ] 


I 





+0.304 


+0.130 


+0.117 





[Ap x K M J[Ap x VvJ 


II 





—0.913 


—0.391 


—0.350 





[A w \T 1 f A T/ 1 

[A M x VVJ^4 M x Vfjt\ 


T 
I 





+0.304 


+0.130 


+0.117 





r A . t/ 1 f 4 , t r 1 

[4 M x Vv][A^ x Vp] 


II 





—0.913 


—0.391 


—0.350 





[A M x \4][j4^ x Vp] 


I 





+0.971 


+0.208 


+0.170 





(A T 7" 1 r A , T T 1 

L4p x x Vp] 


II 





+0.416 


+0.089 


+0.073 





[A M x [Aft x A„] 


I 





+0.220 


-0.010 


-0.035 





r /i A ~\f A , , A 1 

[Ay, x Ap]L4 M X j4 m J 


II 





— 1.090 


—0.038 


—0.080 





[A v, /i IT/1 A 1 

[A M X A„JL4p X Av] 


I 





+0.594 


+0.009 


—0.015 





[A >, /i If A /i 1 

L4 M x AvliAp x A„J 


II 





—0.198 


—0.003 


+0.005 





f A A If A A 1 

[_4 M x A,JL4 M x A P J 


I 





+0.134 


+0.003 


+0.009 





1" /i A If A A 1 

L4 M x A„JL4p x ApJ 


II 





—0.045 


—0.001 


—0.003 





[P x S][P x S 1 ] 


I 





+0.154 


+0.005 


+0.014 





r r~) w ci r n w d 
[-r x o]|r X b\ 


T T 
II 





+0.507 


+0.011 


+0.031 





[P x T M „J[P x Tyv] 


I 





+1.068 


+0.004 


—0.039 





[P x T M! ,][P x T, lv ] 


II 





+0.458 


+0.002 


-0.017 





[P x rp„][P x Tpp] 


I 





+0.349 


+0.018 


+0.014 





[P x T M „][P x Tpp] 


II 





+0.150 


+0.008 


+0.006 





[P x P][P x P] 


I 


2 x (+2) 2 


x (-39.8785) 2 


x (-5.2542) 


2 x (-6.5460) 


2 x (+2) 


[P x P][P x P] 


II 


2 x (-6) 2 


x (+40.0945) 2 


x (+3.8324) 


2 x (+3.3226) 






TABLE XI: Renormalization constants for O t = (Of" 1 '*)// = 2[P x P][P x P] n - 2[S x P][S x P]/j. 





COIOI LldLc 


7<j 


AiLatt 

NAIVE 


/^iLatt 

HYP (I) 


AiLatt 

#YP(II)/Fat7 




[c v t ir<? V T 1 


J 


n 


— n Qi fi 


-0.004 


+0.033 





[S x T M „][S* x Tp V ] 


II 





+0.305 


+0.001 


-0.011 





[S x T M! ,][S* x T MP ] 


I 





-0.299 


-0.015 


-0.012 





[SxT F ][SxT w ] 


II 





+0.100 


+0.005 


+0.004 





[5 x P][S x P] 


II 


2 x (+16) 2 


x (+95.6216) 2 


x (+14.6233) 2 x (+19.1180) 2 x (- 


[V M x Ajj] [Vp x A M ] 


I 





+0.682 


+0.017 


+0.028 





[V^ x Ajj] [Vp x A M ] 


II 





-0.227 


-0.006 


-0.009 





[Vp x A,][V^ x A„] 


I 





+0.396 


+0.006 


-0.010 





[Vp x A„] [V^ x A,] 


II 





-0.132 


-0.002 


+0.003 





[v M x [v M x Av\ 


T 
1 


u 




+0.005 


+0.004 





[Vp x x A v ] 


II 





-0.064 


-0.002 


-0.001 





[Vp x A„][V^ x Ap] 


I 





+0.191 


+0.005 


+0.004 





[Vp x A,]^ x Ap] 


II 





-0.064 


-0.002 


-0.001 





[Vp x A„] [V^ x A p ] 


I 





+0.089 


+0.002 


+0.006 





[Vp x A„][V^ x A p ] 


II 





-0.030 


-0.001 


-0.002 





[Ap x V,,] [Ap x V M ] 


I 





+6.025 


+1.231 


+1.227 





[A M x Vp] [Ap x V^] 


II 





-2.008 


-0.410 


-0.409 





[A M x Vu\ [Ap x V„] 


I 





-0.387 


+0.140 


+0.138 





[Ap x V„] [A M x V v ] 


II 





+0.129 


-0.047 


-0.046 





\ A v T/ 1 T A s/ T/ 1 


T 
1 


u 


— 1 .OZo 


-0.435 


-0.385 





[A M x Vp][Ap x V„] 


II 





+0.509 


+0.145 


+0.128 





[A M x V v ] [Ap x vy 


I 





-1.528 


-0.435 


-0.385 





[Ap x V„]L4 M x vy 


II 





+0.509 


+0.145 


+0.128 





[Ap x V„] [A M x V p ] 


I 





+0.833 


+0.179 


+0.146 





[Ap x V„]L4 M x V p ] 


II 





-0.278 


-0.060 


-0.049 





[P x T M „][P x Tp V ] 


I 





+0.916 


+0.004 


-0.033 





[P x T M „][P x Tp V ] 


II 





-0.305 


-0.001 


+0.011 





[P x T M „][P x Tp P ] 


I 





+0.299 


+0.015 


+0.012 





[P x T M „][P x Tp P ] 


II 





-0.100 


-0.005 


-0.004 






6) 



[P x P][P x P] 



II 



2 x (-16) 2 x (+111.266) 2 x (+8.250) 2 x (+6.925) 2 x (-2) 



TABLE XII: Renormalization constants for Oi = {0\ att )i = [P x P][P x P]j + [S x P][S 





color trace 


lij 


NAIVE 


ij 

HYP(I) HYP(II)/Fat7 


Tij 


[S x S][S x S] 


I 





-0.077 


-0.003 


-0.007 





r c , oi r c , d 

[b x b\\b x b\ 


II 





—0.254 


-0.006 


-0.016 





[S x T„ V ][S x 


I 





-0.977 


—0.043 


—0.036 







II 





-0.419 


-0.019 


-0.015 





[b x T M! ,J[6 x T MP J 


I 





—0.099 


-0.003 


+0.001 





\S X T^ V \[S X T MP ] 


II 





—0.042 


-0.001 


+0.000 





[S x P][S x P] 


I 


+2 


-25.1880 


-3.2311 


-4.6654 


+2 


[S x P][S x P] 


II 


-6 


-3.9774 


—2.2370 


-2.3189 





[V% x V%J [V% x l/ M J 


T 
I 





+16.875 


+1.811 


+2.410 


— 1 


[V> x v / M J[V M x Vfj,\ 


II 





—1.132 


-0.293 


—0.274 





[VV x VvJ[K M x V v \ 


I 





+2.865 


+0.419 


+0.341 





l"T 7 T T 1 l"T 7 T 7" 1 

[VV x VvJ[V^ x V„\ 


II 





—0.955 


—0.140 


—0.114 





[17 M x A^\ [Vp x A^\ 


I 





+0.201 


+0.017 


+0.041 





[V^ x x A„] 


II 





-0.388 


—0.015 


—0.030 





[V„ x A„][V„ x A,] 


I 





+0.032 


+0.001 


+0.001 





[Vp x ApllVp x A v \ 


T T 
II 





—0.096 


—0.002 


—0.002 





l"T7 A ITT/ w A 1 

[Vp x AvllVft x Afj_\ 


T 
I 





+0.032 


+0.001 


+0.001 





TT7 w A 1 TT7 w A 1 

x A^J^Vp x A^l 


T T 
11 


u 


— 0.096 


—0.002 


—0.002 





l"T7 w /I 1 TT7 w /t 1 

x ^J[lv x .A„J 


T 
1 





—0.524 


—0.012 


—0.017 





l"T7 w A ITT/ w /t 1 

[Vp x AvftVn x A„\ 


TT 
11 





—0.225 


—0.005 


—0.007 





[J^ x AJ[i M „ x b\ 


T 
1 





—0.222 


—0.003 


—0.011 





Tt 1 w d \n~' w d 

[-/,«< X i>J[J M !/ X 


TT 
11 





—0.095 


—0.001 


—0.005 





[-t ^ pv \\-*- pv X -t /^jyj 


T 
1 





+0.407 


—0.027 


—0.058 





[ X J- fj,v ][-*- (lis A -t /j.i^J 


II 





—1.033 


—0.072 


—0.105 





[J- pi/ A _i j/pj [J. p,;y A J- fj,p\ 


T 
1 


u 


+ 1.3/4 


+0.060 


+0.044 





\ r f~' v T 1 rT" 1 v T 1 

[-t /J.J7 A J- pp\[J- pu A -t /J.pJ 


T T 
11 





—0.458 


—0.020 


—0.015 





[-t A -1- pp\[J- pi/ A -t-up\ 


T 
1 


u 


— 0.12/ 


—0.004 


+0.001 





\ r T 1 \y r l~' 1 rT" 1 v T" 1 1 
[J- pu A _Z ^.pj [J. yj,;y X -t ;ypj 


TT 
11 





+0.042 


+0.001 


+0.000 





[-*- pv A J- pp\[J- pu A -t /j.r;J 


T 
1 





—0.127 


-0.004 


+0.001 







II 





+0.042 


+0.001 


+0.000 







I 





-0.051 


-0.004 


-0.003 





[J- pi/ A J ^,pj [J. fj,i; X -Lpri\ 


TT 
11 





+0.154 


+0.011 


+0.009 





[-t A _Z £77] [_£ yj,;y X J /ipj 


I 





—0.051 


-0.004 


-0.003 







II 





+0.154 


+0.011 


+0.009 







I 





+0.276 


-0.032 


-0.070 







II 





-0.638 


-0.055 


-0.068 





[T M „ x P][T^ x P] 


I 


+14/3 


-3.4998 


-0.0426 


+0.2458 





[T^ x P][T^ x P] 


II 


+2 


-1.4999 


-0.0183 


+0.1054 
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TABLE XIII: Renormalization constants for {0\ att )i (continued from Table IXTTl . 





color trace 


1ij 


s~iLatt 

IN Al V rj 


s~iLatt s~iLatt 
ij ij 

HYP(I) J f/rP(77)/Fat7 




r a w t/" i r a w t /■ 1 
[Ay. x K m J[j4 m x Vfil 


T 
1 





— 16.068 


-1.614 


-2.224 


+1 


[Ap x VpWAp x V„] 


II 





-1.289 


-0.297 


—0.284 





[A„ x V v ][A, t x V v ] 


I 





-2.229 


-0.326 


—0.265 





L4 M x VVjL4 M x Vv\ 


II 





—0.955 


-0.140 


—0.114 





[Ap x V^JL4 M x V v \ 


I 





—0.152 


-0.065 


-0.058 





[A^ x V^\[A^ x \4] 


II 





+0.457 


+0.196 


+0.175 





[A„ x Vv] [A,, x V„] 


I 





-0.152 


-0.065 


—0.058 





[A„ x K,]L4 M x V„] 


II 





+0.457 


+0.196 


+0.175 





L4 M x A^J [Ap x A^\ 


I 





+0.110 


-0.005 


—0.018 





\ A A ~\ \ A w A 1 

[-A M x A,jJ [j4 m x A m J 


T T 
11 





—0.545 


-0.019 


—0.040 





[Aft x A„JL4 M x A„J 


I 





+0.673 


+0.016 


+0.021 





r a a i r a , , a ~\ 

[Ap x A„J[A M x A v \ 


II 





—0.224 


-0.005 


-0.007 





[P x S][P x S] 


I 





-0.077 


-0.003 


-0.007 





[P x S][P x S] 


II 





-0.254 


-0.006 


-0.016 





[P x T„„][P x T MV ] 


I 





-0.977 


-0.043 


-0.036 





[P x T M „][P x T MV ] 


II 





-0.419 


-0.019 


-0.015 





[P x T„„][P x T MP ] 


I 





-0.099 


-0.003 


+0.001 





[P x T„„][P x T MP ] 


II 





-0.042 


-0.001 


+0.000 






[P X P][P X P] 
[P X P][P X P] 



I +2 -39.8787 -5.2542 -6.5459 +2 

II -6 +40.0946 +3.8324 +3.3226 



TABLE XIV: Renormalization constants for O t = (0f a ")j/ = [P x P][P x P] n + [S x P][S 



sr\L,att 

u j 


L-U1UI LI dLc 




/^Latt 

NAIVE 


HYP (I) 


f^iLatt 

HYP (I I) /Fat 7 


T- ■ 


[c y t ][e y T 1 
[O X J M „J [O X J M „j 


T 
1 


n 


— U.OO I 


— u.uo 1 


— U.UOl 


n 

u 


[5 x T„„][S x T„„] 


II 





+0.279 


+0.012 


+0.010 





[5 x T M „][S x T MP ] 


I 





-0.085 


-0.003 


+0.001 





[Sxr F ][SxT w ] 


II 





+0.028 


+0.001 


+0.000 





[S x P][S x P] 


II 


-16 


-95.6216 


-14.6233 


-19.1180 


+6 


[V^ x x A„] 


I 





-0.341 


-0.009 


-0.014 





[V„ x x Ap] 


II 





+0.114 


+0.003 


+0.005 





w v 4 i rv v 4 1 


T 
1 


u 


n /i/iQ 
— u.^^y 


— U.U1U 




u 


[V^ x A„] [V M x A„] 


II 





+0.150 


+0.003 


+0.005 





[V„ x x 4„] 


I 





-0.096 


-0.002 


-0.002 





W y 4 1 [V v 4 1 


TT 
11 


n 
u 




-i-fi nm 

TU.UUl 


-i-fi nm 

TU.UUl 


n 

u 


[V„ x A„] [V^ x Ajj] 


I 





-0.096 


-0.002 


-0.002 





[V„ x A„][V„ x Ajj] 


II 





+0.032 


+0.001 


+0.001 





[Tpii/ x S][T M „ x 5] 


I 





-0.190 


-0.003 


-0.010 





[T„„ x S][T^„ x S] 


II 





+0.063 


+0.001 


+0.003 





[T p „ x P][T M „ x P] 


I 


-4 


-2.9999 


-0.0366 


+0.2107 





[T M „ x P][T M „ x P] 


II 


+4/3 


+1.0000 


+0.0122 


-0.0702 





[a m x vy[A„ x vy 


I 





-3.013 


-0.615 


-0.613 





[A M x l^]L4 M x vy 


II 





+1.004 


+0.205 


+0.204 





r 4 v V 1 r 4 v 1/ 1 


T 
1 


u 


i Qin 


— ( y 


PI 997 
— U.ZZ / 


n 
u 


[Ap x x 14] 


II 





+0.637 


+0.093 


+0.076 





[An x V p ] [A M x V v \ 


I 





+0.764 


+0.218 


+0.192 





[An x V M ] [A M x V v \ 


II 





-0.255 


-0.073 


-0.064 





[An x K/] [An x V M ] 


I 





+0.764 


+0.218 


+0.192 





[A M x V v ] [An x V^] 


II 





-0.255 


-0.073 


-0.064 





[P X Tn„][P X T M „] 


I 





-0.837 


-0.037 


-0.031 





[P x Tnu][P x T M „] 


II 





+0.279 


+0.012 


+0.010 





[P x Tnu][P x T MP ] 


I 





-0.085 


-0.003 


+0.001 





[P X Tnu][P X T MP ] 


II 





+0.028 


+0.001 


+0.000 






[P X P][P X P] 



11 



-16 +111.2658 +8.2503 



+6.9246 -2 
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TABLE XV: Renormalization constants for O t = {0^, att )i = -±[P x P] [P x P]j - \ [S x P] [S x P]j + ± £ <y x P ]PV x ^k- 





color trace 


"fij 


Z^iLatt 

NAIVE 


/^iLatt /yLatt 

HYP(I) HYP{II)/FaX7 


T ■ 

ij 


[5 x S][S x 5] 


I 





-0.294 


-0.003 


-0.013 





[5" x x S] 


II 





-0.016 


+0.001 


+0.001 





[SxT F ][SxT F ] 


I 





+2.001 


+0.066 


+0.027 





[5 x T M „][5 x T p „] 


II 





-0.568 


-0.038 


-0.041 





[S x T^]^ x T w ] 


I 





+0.037 


+0.003 


+0.003 





[5- x T^][S x T MP ] 


11 





-0.111 


-0.010 


-0.009 





[5" x P][S x P] 


I 


+6 +7.3443 +1.5516 


+2.7015 


-1 


[S x P][S x P] 


11 


+6 


-0.2612 +1.0911 


+1.3175 





[V M x 14][14 x 14] 


I 





-11.779 


-1.394 


-1.603 


+1/2 


[14 x 14] [14 x 14] 


II 





-0.866 


-0.063 


-0.034 





[14 x 14] [14 x 14] 


I 





-11.630 


-1.340 


-1.542 


+1/2 


[14 x K,][14 x 14] 


II 





-1.320 


-0.227 


-0.217 





[14 x 14][14 x 14] 


I 





-0.210 


-0.041 


-0.036 





[14 x VnWVp x 14] 


II 





+0.631 


+0.122 


+0.107 





[V„ x 14] [14 x V„] 


I 





-0.210 


-0.041 


-0.036 





[14 x V„][V„ x V„] 


II 





+0.631 


+0.122 


+0.107 





[14 x A M ][14 x A J 


I 





+0.910 


+0.015 


+0.012 





[14 x x A J 


II 





-0.143 


+0.000 


+0.004 





[14 x A„][\4 x A v ] 


I 





+0.990 


+0.019 


+0.021 





[14 x A„] [14 x A„] 


II 





-0.385 


-0.012 


-0.024 





[14 x A M ][14 x A„] 


I 





-0.016 


+0.000 


+0.000 





[14 x A M ][14 x A„] 


II 





+0.048 


+0.001 


+0.001 





[14 x A„][14 x A/j] 


I 





-0.016 


+0.000 


+0.000 





[14 x A„] [14 x A M ] 


II 





+0.048 


+0.001 


+0.001 
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TABLE XVI: Renormalization constants for {O5 att )i (continued from Table IXVY 



W j 






color trace 


lij 


f^Latt 

IN Al V rJj 


s^iLatt /^iLatt 
^3 ij 

HYP(I) HYP(II)/F&t7 


1 ij 




X 


S][T^ x 




T 
1 





+0.358 


+0.004 


+0.017 







X 


S)[T^ x S] 


TT 
11 





—0.174 


-0.003 


-0.010 







X 


-Z^ii'] \Ppi> 


X -fjttl/J 


I 





—1.761 


-0.055 


-0.023 







X 


] \Ppv 


X -Z/il/J 


TT 
11 





—0.151 


+0.007 


+0.030 







X 


Tpp\ P/"" 


x Tup J 


I 





— 1.602 


—0.039 


+0.004 







X 




x Tup J 


T T 
11 





—0.627 


—0.041 


-0.051 







X 




x Tppj 


T 
1 





+0.042 


+0.002 


+0.002 







X 




x Tpp] 


II 





—0.125 


—0.007 


-0.005 







X 


Tpp] {Tpv 


x Tp,,yJ 


T 
1 





+0.042 


+0.002 


+0.002 







X 


Tpp\ \Tpu 


x Tp^J 


TT 
11 





—0.125 


—0.007 


—0.005 





[rr 


X 


Tpp] {Tpv 


x T^pJ 


T 
1 





+0.014 


+0.000 


+0.000 







X 


Tpp] \Tp V 


x T^pJ 


T T 
11 





—0.042 


-0.001 


+0.000 







X 


Tpp] {Tpv 


x Tp^J 


T 
1 





+0.097 


+0.005 


+0.003 





[rr 


X 


Tpp] {Tpv 


x Tp^J 


II 





-0.292 


—0.014 


—0.010 





PV 


X 


Tpp] \Tp V 


x Tp^J 


I 





+0.026 


+0.002 


+0.001 





PV 


X 


Tpp] {Tfj,v 


X Tpj-J 


TT 
11 





—0.077 


-0.005 


-0.004 





[Tv 


X 


Tp V ] ]Tp V 


x Tpp J 


I 





+0.026 


+0.002 


+0.001 





\Tv 


X 


Tp V ] {Tpv 


x Tpp] 


II 





-0.077 


-0.005 


-0.004 





PV 


X 


Tpn\ [Tpu 


x Tp^J 


I 





-1.695 


-0.052 


-0.017 





[Tv 


X 


Tp V ] ]Tp V 


x Tp^J 


II 





-0.349 


-0.002 


+0.012 





PV 


X 


P][T„ V x 


p\ 


I 


-26/3 


-6.6186 


-1.8938 


-3.1543 


+1 




X 


P][Tp V x 


p\ 


II 


+2 


-1.9161 


-0.0643 


+0.0410 
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TABLE XVII: Renormalization constants for (0£ att )i (continued from Table IXTTt . 



°i 


color trace 




/"iLcitt 

N AlVIi 


s~iLatt s^tLatt 

ij ij 

HYP(I) HYP(II)/Fa,t7 




r A . , T r 1 r 1 , , t r 1 

[A,, x Vp][A M x Vft] 


I 





+12.330 


+1.436 


+1.624 


-1/2 


V A T T 1 T A T 7" 1 

[Af, x VnWAp x vy 


II 





-0.788 


-0.061 


-0.029 





[-Aft x KJ[A M x V v \ 


I 





+ 12.483 


+1.490 


+1.685 


-1/2 


[Af, x K][A M x V u ] 


II 





-1.241 


—0.225 


—0.212 





[Af< x Vp][A M x Vu) 


I 





+0.076 


+0.033 


+0.029 





[A M x Vp][Ap x K] 


II 





—0.228 


-0.098 


-0.087 





[Af, x K][A M x Vf,] 


I 





+0.076 


+0.033 


+0.029 





V A T r 1 T A T7"l 

[Af, x Vu] [Af, x Vf,] 


II 





-0.228 


-0.098 


-0.087 





r A x r 1 V A t r 1 

[A M x K][Ap x vy 


I 





—0.223 


-0.072 


-0.064 





[-Aft x Vu] [Af, x Vp] 


II 





+0.669 


+0.215 


+0.191 





1" /t A 1 V A A 1 

[A M x Ap][A M x A M ] 


I 





-0.841 


-0.016 


-0.016 





[Af, x A M ] [A M x Af,] 


II 





-0.064 


+0.002 


+0.009 





V A A ~\ [ A A 1 

[A^ x A^][A M x Au] 


I 





-0.760 


-0.012 


-0.007 





[Af, x A„][A M x Au] 


II 





-0.306 


-0.010 


-0.019 





[Af, x A M ] [A M x Au] 


I 





+0.016 


+0.000 


+0.000 





V A A 1 V A A 1 

[Ap x Ap] [Ap x Au] 


II 





—0.048 


+0.001 


—0.001 





V A A 1 T A A 1 

[Ap x A„][Ap x Ap] 


I 





+0.016 


+0.000 


+0.000 





[Ap x A„][Ap x Ap] 


II 





—0.048 


+0.001 


—0.001 





[Ap x A„][Ap x A p ] 


I 





+0.032 


+0.001 


+0.001 





1" A yt 1 f A .--11 

[Af, x A„JL4p x A p \ 


II 





—0.096 


-0.002 


-0.002 





[P x S][P x 5] 


I 





-0.294 


-0.003 


—0.013 





[P x S][P x S] 


II 





-0.016 


+0.001 


+0.001 





[-P x r M , y ][P x Tf,u] 


I 





+2.067 


+0.069 


+0.033 





[P x Tf,u][P x Tf,u) 


II 





-0.765 


-0.047 


-0.060 





[P x Tf,u)[P x Tup] 


I 





-0.014 


+0.000 


+0.000 





[P x Tf,u)[P x Tpp] 


II 





+0.042 


+0.001 


+0.000 





[P x P][P x P] 


I 


+6 +14.6896 +2.5631 


+3.6417 


-1 


[P x P][P x P] 


II 


+6 


-22.2972 


-1.9436 


-1.5033 
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TABLE XVIII: Renormalization constants for O t = (0^ att )u = -\[P x P][P x P] n - ±[S x P][S x P] n + |E m <J T m- x 
P][VxP]„. 





color trace 


% 


s~iLatt 

NAIVE 


/-iLatt s-iLatt 

ij ij 

HYP(I) #YP(//)/Fat7 


T 


[S X S][5 X S] 


I 





-0.286 


-0.004 


U.UliJ 





[S x 5] [5 x S] 


II 





+0.095 


+0.001 


+0.005 





\S x T IK x T 1 


I 





+0.419 


+0.019 


+0.015 


o 


[5 x T^][S x T„ v ] 


II 





-0.140 


-0.006 


-0.005 





[SxT F ][Sxr w ] 


I 





+0.042 


+0.001 


+0.000 





[SxT F ][SxT w ] 


II 





-0.014 


+0.000 


+0.000 





[5 x P][S x P] 


I 


+6 


-4.4998 


-0.0548 


+0.3161 





[S x P][S x P] 


II 


+6 +49.3107 +7.3299 


+9.4537 


-3 


[v„ x vyp^ x vy 


I 


U 


o of; /i 
— 2.864 


— U.419 


-0.341 





[V M x x V M ] 


II 





+0.955 


+0.140 







[Vp x K][Vp x V„] 


I 





-3.417 


-0.587 


-0.534 





IV x 1/ HV x V 1 


II 





+1.139 


+0.196 


+0.178 


o 


[V„ x V^][V M x V„] 


I 





+0.382 


+0.109 


+0.096 





[V„ x \/ M ][T/ M x V„] 


II 





-0.127 


-0.036 


-0.032 





[V„ x K][Vp x V M ] 


I 





+0.382 


+0.109 


+0.096 





[V M x K][Vp x vy 


II 





-0.127 


-0.036 


-0.032 





[V M x K,][V„ x V p ] 


I 





+0.764 


+0.218 


+0.192 





[V„ x K,][V„ x V p ] 


II 





-0.255 


-0.073 


-0.064 





[Vy. x x A M ] 


I 





+0.170 


+0.004 


+0.007 





[V„ x A M ][Vp x A M ] 


II 





-0.057 


-0.001 


-0.002 





[V/j, x A.][V M x A„] 


I 





+0.225 


+0.005 


+0.007 





[V„ x A„][VJ, x A„] 


II 





-0.075 


-0.002 


-0.002 





[V^ x A M ][V M x A,] 


I 





+0.048 


+0.001 


+0.001 





[V M x A M ][V M x A„] 


II 





-0.016 


+0.000 


+0.000 





[V„ x A„][^ x Ap] 


I 





+0.048 


+0.001 


+0.001 





\y„ x a„][v m x Ap] 


II 





-0.016 


+0.000 


+0.000 
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TABLE XIX: Renormalization constants for {0^ att )u (continued from Tabic IX Villi . 



/r\hatt 
^3 




color trace 


7y 


IN Al V rJj 


s~iLatt /^iLatt 

HYP(I) HYP(II)/Fat7 


rr> 

1 H 


PV 


X 


oJ[i M „ x b\ 


T 
1 


rt 
I) 


+u.U9o 


+0.001 


+0.005 


n 
U 




X 


cl \ r r> v / cf\ 

AJ[i M „ x b\ 


T T 
11 





—0.032 


+0.000 


—0.002 





[Ty,„ 


X 


T 1 1 FT" 1 v T" 1 1 


T 
1 





— 1.335 


—0.059 


—0.045 





[Ty, V 


X 


T 1 rT" 1 v T 1 1 


T T 
11 





+0.445 


+0.020 


+0.015 





[T/j,v 


X 


T 1 1 PX 1 v T" 1 1 


T 
1 





—1.712 


—0.102 


—0.117 







X 


T" 1 1 fT -1 -v 7 1 1 
MP.I L P 1 ' A*pJ 


T T 
11 





+0.571 


+0.034 


+0.039 







X 




T 
1 





—0.201 


—0.012 


—0.010 





[T^ 


X 




II 





+0.067 


+0.004 


+0.003 





PV 


X 


MP.I L P^ P^J 


T 
1 





—0.201 


-0.012 


-0.010 





[Tp* 


X 




II 





+0.067 


+0.004 


+0.003 







X 




I 





-0.445 


—0.025 


—0.019 





PV 


X 


rri 1 fry - ! /t~t 1 

MpJ L P^ ^pJ 


II 





+0.148 


+0.008 


+0.006 





P^ 


X 


-i p,p\ \J- fjbu X J jxjjJ 


I 





—0.042 


-0.001 


+0.000 





PV 


X 




II 





+0.014 


+0.000 


+0.000 





PV 


X 


Tpr]\ x 2^377] 


I 





-1.335 


-0.059 


-0.045 





PV 


X 




II 





+0.445 


+0.020 


+0.015 





[r^ 


X 




I 


-2 


+1.4999 


+0.0183 


-0.1054 







X 




II 


+10/3 


-15.1221 


-1.9317 


-2.4186 


+1 



37 



TABLE XX: Renormalization constants for (Os att )n (continued from Table IXTXl . 





color trace 


1ij 


s~iLatt 

IN Al V rj 


s^tLatt s~iLatt 
ij ij 

HYP(I) J f/rP(77)/Fat7 




r a w t/" i r a w t /■ 1 
[Ap x K m J[j4 m x Vfil 


T 
1 





+1.506 


+0.308 


+0.307 





[Ap x VpWAp x V„] 


II 





-0.502 


-0.103 


—0.102 





[A„ x V v ][A, t x V v ] 


I 





+0.955 


+0.140 


+0.114 





[Ap x V u \[Af, x J 


T T 
II 





—0.318 


-0.047 


-0.038 





r x , t /■ 1 r 4 ,, t; 1 

[-A/a x VullAf, x K,] 


I 





—0.382 


-0.109 


-0.096 





[A^ x K M ][A P x Vv] 


II 





+0.127 


+0.036 


+0.032 





[Ap x K,][A M x vy 


I 





-0.382 


-0.109 


—0.096 





[-A/a X Vv\[A,t X V^iJ 


II 





+0.127 


+0.036 


+0.032 





1" 4 . A ~\ t A A 1 

[A^ X A/a] [A M X A/a] 


I 





—0.673 


-0.016 


-0.021 





[A M x Afj] [Aft x A M ] 


II 





+0.224 


+0.005 


+0.007 





[A fx x A„][A M x A„] 


I 





-1.014 


-0.032 


-0.059 





\ A A M A A 1 

[-A/j x A v \[Aft x A„J 


T T 
II 





+0.338 


+0.011 


+0.020 





I - A A 1 T A , , /i 1 

[Aft x A/j] [j4 m x A v \ 


I 





—0.143 


—0.003 


—0.003 





\ A . A ~\ \ A ,,41 

[A M x Ay\ [Aft x Av] 


II 





+0.048 


+0.001 


+0.001 





r a w a ir a a i 
[-A/j x j4„JL4 m x Aft\ 


T 
I 





—0.143 


-0.003 


-0.003 





\ A /I 1 r A A 1 

[A^ x A„JL4 M x A,t\ 


II 





+0.048 


+0.001 


+0.001 





[P x S][P x S] 


I 





-0.286 


-0.004 


-0.015 





[P x S][P x S] 


II 





+0.095 


+0.001 


+0.005 





[P x T M „][P x T„v] 


I 





+0.419 


+0.019 


+0.015 





[P x T^][P x T„v] 


II 





-0.140 


-0.006 


-0.005 





[P x T M „][P x Tft P ] 


I 





+0.042 


+0.001 


+0.000 





[P x T M „][P x Tft P ] 


II 





-0.014 


+0.000 


+0.000 






[P X P][P X P] 
[P X P][P X P] 



I +6 -4.4998 -0.0548 +0.3161 

II +6 -54.1330 -4.1069 -3.5677 +1 



